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2. Overall Objectives

2.1. Presentation
Mathematics is among the many human activities that have been transformed by the invention of the computer
and its broad diffusion in the second half of the 20th century. Mathematicians could, from then on, use a
tool allowing to carry out operations that were too long or too tedious to be executed by hand. Like the use
of the telescope in astronomy, the use of the computer opened many new prospects in mathematics. One of
these prospects is the use of proof assistants, i.e. computer programs which perform some operations on
mathematical proofs. The goal of the research developed in the TypiCal project-team is to develop such
proof assistants. The main effort of the project-team is to contribute to the development of proof assistants
in general and of the Coq system in particular, which has an important community of users in industry and
in academia. However, we believe that the development of a proof assistant cannot be accomplished without
a joint reflection about the structure of mathematical proofs and about the use of proof assistants in various
applicative domains. We also believe that proof assistants should take benefit of the use of automated deduction
tools. Thus, the questions addressed in the team range from questions related to the Coq system, such as “What
will be the features of the next version of Coq?”, to more theoretical questions of logic, such as “What is a
proof?” and more applied ones, such as “How can I delegate part of the proof search to automated tools?” or
“How can we use a proof assistant to check whether a protocol is free of deadlocks?”.

http://coq.inria.fr/
http://coq.inria.fr/
http://coq.inria.fr/


2 Activity Report INRIA 2012

2.2. Highlights of the Year
Assia Mahboubi, Enrico Tassi and Cyril Cohen were among the main participants in the project of formaliza-
tion of the Feit-Thompson (Odd Order) theorem finally completed in September 2012 by the Mathematical
Components team (lead by Georges Gonthier).

Bruno Barras and Assia Mahboubi have been granted fellowships by the Insititute for Advanced Study
(Princeton, USA).

3. Research Program

3.1. Logical formalisms
A proof system implements a logical formalism in the way a compiler implements a programming language.
Similarly, the choice of the formalism is crucial for the success of the proof system. One of the main line
of research of the team is to study or invent type theories that are well-adapted to the formalization of
mathematics. For instance a crucial property of a proof system is its correctness, hence the importance of
the study of the models of the meta-theory of the Coq proof assistant. An other issue is the interoperability
of the various proof systems used to formalize mathematics in the world-wide community of users of proof
assistants, and the design of a system which could serve as a back-end to front-end implementing various
formalisms and proof languages.

3.2. Libraries of formalized mathematics
It is well known that advanced mathematics can play a crucial role in the design and correctness of
sophisticated and sometimes critical software. In some cases, using a proof system is the only option
to mechanize the correctness of such programs; this can require the formalization of a wide variety of
mathematical theories, and a careful design of these formal libraries for them to be maintainable, combinable
and reusable. Furthermore, the ability to formalize advanced contemporary mathematics is still a form of
ultimate quality tests for proof systems, and also a way to gain visibility. One of our objectives is to make
modern and large pieces of mathematics available as usable formal libraries. Recent examples of complex
proofs (Four Color Theorem, Kepler conjecture, classification of finite groups, Fermat theorem) challenge
the way the mathematical literature is refereed and published. We think that the development of these
formal libraries of mathematics may also change the way certain mathematical result become accepted as
theorems. Crafting large bodies of formalized mathematics is a challenging task. These libraries obey similar
requirements as software : modularity and usability stem from appropriate data-structures, design patterns
and corpus of lemmas. But the appropriate methodology leading to the relevant solutions is often far from
obvious, and this is where research has to be done and know-how has to be gained. Up to recently, formal
developments were seldom collaborative and rarely benefitted from reusable previous work. The maturity of
proof assistants is now sufficient to envision a more modern conception of formal software, as required by
large scale verification projects like T. Hales’ proof of the Kepler conjecture or the Feit-Thompson theorem.
Several members of the TypiCal team are committed in such big formalization projects, or in more specific
but related side projects.

3.3. Proof search and automated decision procedures
Interactive proof assistants provide a very expressive logical formalism, rich enough to allow extremely precise
descriptions of complex objects like the meta theory of a programming language, a model of C compiler, or
the proof of the Four Color Theorem. This description includes logical statements of the properties required
by the objects of interest but also their formal proofs, checked by the merciless proof-checker of the system,
which should be a small hence trusted piece of code. These systems provide the highest formal guarantee, for
instance, of the correctness with respect to the mathematical specification of a code.

http://coq.inria.fr/
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Proof-search is a central issue in such a formalization of mathematics. It is also a common aspect of automated
reasoning and high-level programming paradigms such as Logic programming. However specific applications
commonly involve specific logics or theories, like for instance linear arithmetic. Whether or not such a logical
framework can express these at all, it is unlikely that its generic proof-search mechanisms can replace the
methods that are specific to a logic or theory. Either because this specific domain lies outside the reach of
generic proof-search or simply because generic proof-search is less efficient therein than a purpose-made
procedure (typically a decision procedure).

But to enlarge the scope where a specific method applies, one can combine both generic proof search
mechanisms with specific methods. We hence investigate how to craft formal proof producing decision
procedures in the context of an interactive proof assistant. This activity includes understanding the impact
of proof-search mechanism (polarization, focusing, etc.), the implementation of efficient connections between
domain specific automated decision procedures (SMT solvers, polynomial optimization tools, etc.) with a
proof assistant, and the combination of these two aspects in the design a unique logical framework where a
generic notion of proof-search could serve each of the above purposes.

4. Software and Platforms

4.1. Coq
Participants: Bruno Barras [Contact], Jean-Marc Notin, Enrico Tassi.

Coq is a major proof system an the primary object and / or tool of our research. Its development is now mainly
coordinated by the πr2 Inria Paris-Rocquencourt project-team, and some members of the TypiCal team are
active developers of the system.

4.2. Coqfinitgroup
Participants: Cyril Cohen, Assia Mahboubi [Contact], Enrico Tassi.

Coqfinitegroup is the development corresponding to the full formalization of the proof of the Feit-Thompson
theorem. It is probably the most advanced formal development of group theory today. Its current size is about
80.000 lines of (compact) Coq code. Assia Mahboubi and Cyril Cohen have been actively participating to this
long term formalization project.

4.3. Ssreflect
Participants: Assia Mahboubi [Contact], Enrico Tassi.

SSReflect is a proof language extension of Coq developed under Georges Gonthier (Microsoft Research). It
was originally designed to make the formalization of the Four Color Theorem possible and has been evolving
since. It is important to note that it is shipped with redesigned basic proof libraries. Enrico Tassi has worked
on an extended language of patterns for term selection now included in the distribution of this extension.
Members of the Typical are in charge of the documentation and distribution of this extension.

5. New Results

5.1. Feit-Thompson
The Feit-Thompson is an important theorem stating that every finite group of odd order is solvable. It is an
important step in the classification of finite groups. Its proof is remarkable through its difficulty and its length
(more than 1000 pages of dense mathematical text).

http://coq.inria.fr/
http://coqfinitgroup.gforge.inria.fr/
http://coq.inria.fr/
http://www.msr-inria.inria.fr
http://coq.inria.fr/
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This proof was entirely formalized in Coq. This effort was started six years ago, as a joint project of the
project teams Typical, Marelle (Sophia-Antipolis) and the Inria-MSR joint center, under the supervision of
Georges Gonthier. The proof was finished in september 2012 and is considered a remarkable achievement. It
also gave birth to several side products, such as enhancements of the SSReflect proof language. For Typical,
Assia Mahboubi, Enrico Tassi and Cyril Cohen were instrumental in this effort.

5.2. Formal Semantics of Type Theory
Bruno Barras finished an extensive formalization of Coq’s type theory in Coq, as well as a large formalization
of set theory. This work includes several new results and insights in the study of Type Theory and is the body
of Barras’ habilitation thesis to be defended early in 2013.

5.3. Study of Type Theories
Bruno Barras finished an extensive formalization of Coq’s type theory in Coq, as well as a large formalization
of set theory. This work includes several new results and insights in the study of Type Theory and is the body
of Barras’ habilitation thesis to be defended early in 2013.

Chantal Keller, with Marc Lasson, has presented a notion of parametricity in impredicative type theories,
which yields some possible application in proof search [18].

5.4. Formal and computable algebra
Cyril Cohen and Assia Mahboubi have worked on representing various algebraic objects in Coq, in a way that
allows computation. In particular, Cohen proposed and developed a representation of algebraic numbers in
Coq, as presented in [16]. Assia Mahboubi has collaborated with Frédéric Chyzak (Inria Paris-Roquencourt,
Algo team) on the certification of algorithms for D-finite objects.

5.5. Certifiable real optimization
Under the joint supervision of Stéphane Gaubert and Benjamin Werner, with Xavier Allamigeon, Victor
Magron is investigating ways to check difficult real inequalities, over bounded domains, in ways which can
be re-checked by proof systems like Coq. One such algorithm, combining convex optimization and Max-plus
techniques is submitted for publication at ECC 2013.

5.6. Binder representation in Coq
Benjamin Werner has developed a generic tree datatype in Coq, which can encode any language with fixed-
arity operators with binders. The application towards smoother formal treatment of such languages is still in
progress.

5.7. SMT and Coq
Chantal Keller has enhanced the performances of her SMT-Coq interface based automatic tactic. More
precisely, the code has been made more modular which allowed:

• A first interfacing with the renowned Z3 SMT prover from Microsoft Research,
• Extending SMT-Coq to the theory of Coq’s native 31 bits integers.

5.8. Automated decision procedures
Assia Mahboubi has woked with members of the Proval team on a new decision procedure for integer
arithmetics now intergrated in the Alt-Ergo SMT solver. Assia Mahboubi has worked with Stéphane Lengrand
and Mahfuza Farooque on the design of a sequent calculus with focussing and on the conception of a proof
search strategy in this calculus which simulates the Davis-Putman-Logemann-Loveland algorithme modulo
theory (DPPL(T)) which is implemented by modern SMT-solvers. An implementation developped by Stéphane
Lengrand illustrate this approach on standard SMT benchmarks.
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6. Bilateral Contracts and Grants with Industry

6.1. Common Research Agreements in the MSR–Inria Joint Centre
Assia Mahboubi, Enrico Tassi and Cyril Cohen are part of the Mathematical Components effort in the Inria
and Microsoft Research joint centre. The goal is to investigate the design of large-scale, modular and reusable
libraries of formalized mathematics. Developed using the Coq proof assistant. This project successfully
formalized the proof of the Feit–Thompson theorem, resulting in a corpus of libraries related to various areas
of algebra.

7. Partnerships and Cooperations

7.1. Regional Initiatives
Project Coquelicot, funded jointly by the Fondation de Coopération Scientifique “Campus Paris-Saclay”
and Digiteo.

Goal: Create a new Coq library for real numbers of mathematics.
Leader: S. Boldo (INRIA Saclay, Toccata). Participant: A. Mahboubi.
Website: http://coquelicot.saclay.inria.fr/.

7.2. National Initiatives
7.2.1. ANR
7.2.1.1. ParalITP (ANR-11-INSE-001)

Goal: Improve the performances and the ergonomics of interactive provers by taking advantage of modern,
parallel hardware.
Leader: B. Wolff. Participants: A. Mahboubi, E. Tassi.
Website: http://paral-itp.lri.fr/.

7.2.1.2. Psi (ANR-09-JCJC-0006)

Goal: Investigate the theory and the implementation of proof-search methods in the context of specific theories.
This project aims at understanding how to combine state-of-the-art proof-theoretic generic methods (DPLL,
focusing, ...) with efficient automated-reasoning methods for well-identified theories (linear arithmetic, ...).
Leader: S. Lengrand (CNRS, LiX). Participant: A. Mahboubi.
Website: http://www.lix.polytechnique.fr/~lengrand/PSI/.

http://coquelicot.saclay.inria.fr/
http://paral-itp.lri.fr/
http://www.lix.polytechnique.fr/~lengrand/PSI/
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7.3. European Initiatives
7.3.1. FP7 Projects
7.3.1.1. FORMATH

Title: Formath
Type: COOPERATION (ICT)
Defi: FET Open
Instrument: Specific Targeted Research Project (STREP)
Duration: March 2010 - February 2013
Coordinator: Univ Götegorg (Sweden)
Others partners: Radboud University Nijmegen, (the Netherlands), University of La Rioja, (Spain).
See also: http://wiki.portal.chalmers.se/cse/pmwiki.php/ForMath/ForMath
Abstract: The objective of this project is to develop libraries of formalised mathematics concerning
algebra, linear algebra, real number computation, and algebraic topology. The libraries that we plan
to develop in this proposal are especially chosen to have long-term applications in areas where
software interacts with the physical world. The main originality of the work is to structure these
libraries as a software development, relying on a basis that has already shown its power in the formal
proof of the four-colour theorem, and to address topics that were mostly left untouched by previous
research in formal proof or formal methods.

8. Dissemination
8.1. Teaching - Supervision - Juries
8.1.1. Teaching

Benjamin Werner is president of the Computer Science Department of Ecole Polytechnique and, as such main
responsible for CS teaching in this university.

Licence : Benjamin Werner, Ecole Polytechnique, Algorithmique et Programmation, lectures, 45
hours équivalents TDs.
Master : Benjamin Werner, MPRI (M2), Fondements des Systèmes de Preuves, Ecole Polytechnique
et U. Paris 7, 50 heures équivalents TDs.
Master : Assia Mahboubi and Bruno Barras, MPRI (M2), Preuves en Coq, Ecole Polytechnique et
U. Paris 7, 50 heures équivalents TDs.
Licence : Victor Magron and Chantal Keller, Ecole Polytechnique, Algorithmique et Programmation,
TDs, 48 hours équivalents TDs.
Master : Chantal Keller, PA Informatique de l’Ecole Polytechnique, Raisonnement mathématique
assisté par ordinateur, TDs, 20 hours équivalents TDs.

8.1.2. Supervision
PhD & HdR :

PhD : Cyril Cohen, Formalized algebraic numbers: construction and first-order theory, Ecole
Polytechnique, november 20th, Assia Mahboubi and Benjamin Werner.
PhD in progress :Chantal Keller, A Matter of Trust New Reflexive Decision Procedures in Coq Using
External Tools, since sept. 2009, Benjamin Werner
PhD in progress :Victor Magron, Certifiable automatic proofs of real inequalities, since sept. 2009,
Benjamin Werner and Stéphane Gaubert.
PhD in progress: Alexis Bernadet, since 2010. Supervised by Stéphane Lengrand and Benjamin
Werner.

 http://wiki.portal.chalmers.se/cse/pmwiki.php/ForMath/ForMath 
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