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2 Overall objectives

2.1 Introduction

The last decade has witnessed a remarkable convergence between several sub-domains of the calculus of
variations, namely optimal transport (and its many generalizations), infinite dimensional geometry of dif-
feomorphisms groups and inverse problems in imaging (in particular sparsity-based regularization). This
convergence is due to (i) the mathematical objects manipulated in these problems, namely sparse measures
(e.g. coupling in transport, edge location in imaging, displacement fields for diffeomorphisms) and (ii) the
use of similar numerical tools from non-smooth optimization and geometric discretization schemes. Optimal
Transportation, diffeomorphisms and sparsity-based methods are powerful modeling tools, that impact a
rapidly expanding list of scientific applications and call for efficient numerical strategies. Our research program
shows the important part played by the team members in the development of these numerical methods and
their application to challenging problems.

2.2 Static Optimal Transport and Generalizations

Optimal Transport, Old and New. Optimal Mass Transportation is a mathematical research topic which
started two centuries ago with Monge’s work on the “Théorie des déblais et des remblais" (see [105]). This
engineering problem consists in minimizing the transport cost between two given mass densities. In the 40’s,
Kantorovich [112] introduced a powerful linear relaxation and introduced its dual formulation. The Monge-
Kantorovich problem became a specialized research topic in optimization and Kantorovich obtained the 1975
Nobel prize in economics for his contributions to resource allocations problems. Since the seminal discoveries
of Brenier in the 90’s [58], Optimal Transportation has received renewed attention from mathematical analysts
and the Fields Medal awarded in 2010 to C. Villani, who gave important contributions to Optimal Transportation
and wrote the modern reference monographs [152, 153], arrived at a culminating moment for this theory.
Optimal Mass Transportation is today a mature area of mathematical analysis with a constantly growing
range of applications. Optimal Transportation has also received a lot of attention from probabilists (see for
instance the recent survey [117] for an overview of the Schrödinger problem which is a stochastic variant of the
Benamou-Brenier dynamical formulation of optimal transport). The development of numerical methods for
Optimal Transportation and Optimal Transportation related problems is a difficult topic and comparatively
underdeveloped. This research field has experienced a surge of activity in the last five years, with important
contributions of the MOKAPLAN group (see the list of important publications of the team). We describe below a
few of recent and less recent Optimal Transportation concepts and methods which are connected to the future
activities of MOKAPLAN :
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Figure 1: Example of color transfer between two images, computed using the method developed in [42], see
also [145]. The image framed in red and blue are the input images. Top and middle row: adjusted image where
the color of the transported histogram has been imposed. Bottom row: geodesic (displacement) interpolation
between the histogram of the chrominance of the image.

Brenier’s theorem [60] characterizes the unique optimal map as the gradient of a convex potential. As such
Optimal Transportation may be interpreted as an infinite dimensional optimisation problem under “convexity
constraint": i.e. the solution of this infinite dimensional optimisation problem is a convex potential. This
connects Optimal Transportation to “convexity constrained" non-linear variational problems such as, for
instance, Newton’s problem of the body of minimal resistance. The value function of the optimal transport
problem is also known to define a distance between source and target densities called the Wasserstein distance
which plays a key role in many applications such as image processing.

Monge-Ampère Methods. A formal substitution of the optimal transport map as the gradient of a convex
potential in the mass conservation constraint (a Jacobian equation) gives a non-linear Monge-Ampère equation.
Caffarelli [68] used this result to extend the regularity theory for the Monge-Ampère equation. In the last ten
years, it also motivated new research on numerical solvers for non-linear degenerate Elliptic equations [93]
[121] [45] [46] and the references therein. Geometric approaches based on Laguerre diagrams and discrete data
[126] have also been developed. Monge-Ampère based Optimal Transportation solvers have recently given the
first linear cost computations of Optimal Transportation (smooth) maps.

Generalizations of OT. In recent years, the classical Optimal Transportation problem has been extended in
several directions. First, different ground costs measuring the “physical" displacement have been considered.
In particular, well posedness for a large class of convex and concave costs has been established by McCann
and Gangbo [104]. Optimal Transportation techniques have been applied for example to a Coulomb ground
cost in Quantum chemistry in relation with Density Functional theory [89]. Given the densities of electrons
Optimal Transportation models the potential energy and their relative positions. For more than more than 2
electrons (and therefore more than 2 densities) the natural extension of Optimal Transportation is the so called
Multi-marginal Optimal Transport (see [132] and the references therein). Another instance of multi-marginal
Optimal Transportation arises in the so-called Wasserstein barycenter problem between an arbitrary number of
densities [31]. An interesting overview of this emerging new field of optimal transport and its applications can
be found in the recent survey of Ghoussoub and Pass [133].

Numerical Applications of Optimal Transportation. Optimal transport has found many applications, start-
ing from its relation with several physical models such as the semi-geostrophic equations in meteorology [109,
91, 90, 39, 120], mesh adaptation [119], the reconstruction of the early mass distribution of the Universe [101,
61] in Astrophysics, and the numerical optimisation of reflectors following the Optimal Transportation inter-
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Figure 2: Examples of displacement interpolation (geodesic for optimal transport) according to a non-Euclidean
Riemannian metric (the mass is constrained to move inside a maze) between to input Gaussian distributions.
Note that the maze is dynamic: its topology change over time, the mass being “trapped” at time t = 1/3.

pretation of Oliker [69] and Wang [154]. Extensions of OT such as multi-marginal transport has potential
applications in Density Functional Theory , Generalized solution of Euler equations [59] (DFT) and in statistics
and finance [37, 103] . . . . Recently, there has been a spread of interest in applications of OT methods in imaging
sciences [53], statistics [50] and machine learning [92]. This is largely due to the emergence of fast numerical
schemes to approximate the transportation distance and its generalizations, see for instance [42]. Figure 1
shows an example of application of OT to color transfer. Figure 9 shows an example of application in computer
graphics to interpolate between input shapes.

2.3 Diffeomorphisms and Dynamical Transport

Dynamical transport. While the optimal transport problem, in its original formulation, is a static problem
(no time evolution is considered), it makes sense in many applications to rather consider time evolution. This is
relevant for instance in applications to fluid dynamics or in medical images to perform registration of organs
and model tumor growth.

In this perspective, the optimal transport in Euclidean space corresponds to an evolution where each
particule of mass evolves in straight line. This interpretation corresponds to the Computational Fluid Dynamic
(CFD) formulation proposed by Brenier and Benamou in [38]. These solutions are time curves in the space
of densities and geodesics for the Wasserstein distance. The CFD formulation relaxes the non-linear mass
conservation constraint into a time dependent continuity equation, the cost function remains convex but is
highly non smooth. A remarkable feature of this dynamical formulation is that it can be re-cast as a convex but
non smooth optimization problem. This convex dynamical formulation finds many non-trivial extensions and
applications, see for instance [40]. The CFD formulation also appears to be a limit case of Mean Fields games
(MFGs), a large class of economic models introduced by Lasry and Lions [114] leading to a system coupling
an Hamilton-Jacobi with a Fokker-Planck equation. In contrast, the Monge case where the ground cost is the
euclidan distance leads to a static system of PDEs [55].

Gradient Flows for the Wasserstein Distance. Another extension is, instead of considering geodesic for
transportation metric (i.e. minimizing the Wasserstein distance to a target measure), to make the density evolve
in order to minimize some functional. Computing the steepest descent direction with respect to the Wasserstein
distance defines a so-called Wasserstein gradient flow, also known as JKO gradient flows after its authors [111].
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This is a popular tool to study a large class of non-linear diffusion equations. Two interesting examples are
the Keller-Segel system for chemotaxis [110, 84] and a model of congested crowd motion proposed by Maury,
Santambrogio and Roudneff-Chupin [125]. From the numerical point of view, these schemes are understood
to be the natural analogue of implicit scheme for linear parabolic equations. The resolution is however costly
as it involves taking the derivative in the Wasserstein sense of the relevant energy, which in turn requires the
resolution of a large scale convex but non-smooth minimization.

Geodesic on infinite dimensional Riemannian spaces. To tackle more complicated warping problems, such
as those encountered in medical image analysis, one unfortunately has to drop the convexity of the functional
involved in defining the gradient flow. This gradient flow can either be understood as defining a geodesic on
the (infinite dimensional) group of diffeomorphisms [36], or on a (infinite dimensional) space of curves or
surfaces [155]. The de-facto standard to define, analyze and compute these geodesics is the “Large Deformation
Diffeomorphic Metric Mapping” (LDDMM) framework of Trouvé, Younes, Holm and co-authors [36, 108].
While in the CFD formulation of optimal transport, the metric on infinitesimal deformations is just the L2 norm
(measure according to the density being transported), in LDDMM, one needs to use a stronger regularizing
metric, such as Sobolev-like norms or reproducing kernel Hilbert spaces (RKHS). This enables a control over
the smoothness of the deformation which is crucial for many applications. The price to pay is the need to solve
a non-convex optimization problem through geodesic shooting method [128], which requires to integrate
backward and forward the geodesic ODE. The resulting strong Riemannian geodesic structure on spaces of
diffeomorphisms or shapes is also pivotal to allow us to perform statistical analysis on the tangent space, to
define mean shapes and perform dimensionality reduction when analyzing large collection of input shapes (e.g.
to study evolution of a diseases in time or the variation across patients) [70].

2.4 Sparsity in Imaging

Sparse `1 regularization. Beside image warping and registration in medical image analysis, a key problem
in nearly all imaging applications is the reconstruction of high quality data from low resolution observations.
This field, commonly referred to as “inverse problems”, is very often concerned with the precise location of
features such as point sources (modeled as Dirac masses) or sharp contours of objects (modeled as gradients
being Dirac masses along curves). The underlying intuition behind these ideas is the so-called sparsity model
(either of the data itself, its gradient, or other more complicated representations such as wavelets, curvelets,
bandlets [124] and learned representation [156]).

The huge interest in these ideas started mostly from the introduction of convex methods to serve as proxy
for these sparse regularizations. The most well known is the `1 norm introduced independently in imaging by
Donoho and co-workers under the name “Basis Pursuit” [87] and in statistics by Tibshirani [146] under the
name “Lasso”. A more recent resurgence of this interest dates back to 10 years ago with the introduction of the
so-called “compressed sensing” acquisition techniques [71], which make use of randomized forward operators
and `1-type reconstruction.

Regularization over measure spaces. However, the theoretical analysis of sparse reconstructions involving
real-life acquisition operators (such as those found in seismic imaging, neuro-imaging, astro-physical imaging,
etc.) is still mostly an open problem. A recent research direction, triggered by a paper of Candès and Fernandez-
Granda [73], is to study directly the infinite dimensional problem of reconstruction of sparse measures (i.e.
sum of Dirac masses) using the total variation of measures (not to be mistaken for the total variation of 2-D
functions). Several works [72, 97, 94] have used this framework to provide theoretical performance guarantees
by basically studying how the distance between neighboring spikes impacts noise stability.

Low complexity regularization and partial smoothness. In image processing, one of the most popular meth-
ods is the total variation regularization [141, 65]. It favors low-complexity images that are piecewise constant,
see Figure 3 for some examples on how to solve some image processing problems. Beside applications in image
processing, sparsity-related ideas also had a deep impact in statistics [146] and machine learning [33]. As
a typical example, for applications to recommendation systems, it makes sense to consider sparsity of the
singular values of matrices, which can be relaxed using the so-called nuclear norm (a.k.a. trace norm) [34].
The underlying methodology is to make use of low-complexity regularization models, which turns out to be

6



Segmentation input output Zooming input output

Figure 3: Two example of application of the total variation regularization of functions. Left: image segmentation
into homogeneous color regions. Right: image zooming (increasing the number of pixels while keeping the
edges sharp).

equivalent to the use of partly-smooth regularization functionals [118, 149] enforcing the solution to belong to
a low-dimensional manifold.

2.5 MOKAPLAN unified point of view

The dynamical formulation of optimal transport creates a link between optimal transport and geodesics on
diffeomorphisms groups. This formal link has at least two strong implications that MOKAPLAN will elaborate on:
(i) the development of novel models that bridge the gap between these two fields ; (ii) the introduction of novel
fast numerical solvers based on ideas from both non-smooth optimization techniques and Bregman metrics, as
highlighted in Section 3.2.3.

In a similar line of ideas, we believe a unified approach is needed to tackle both sparse regularization
in imaging and various generalized OT problems. Both require to solve related non-smooth and large scale
optimization problems. Ideas from proximal optimization has proved crucial to address problems in both
fields (see for instance [38, 139]). Transportation metrics are also the correct way to compare and regularize
variational problems that arise in image processing (see for instance the Radon inversion method proposed
in [42]) and machine learning (see [92]). This unity in term of numerical methods is once again at the core of
Section 3.2.3.

3 Research program

3.1 Modeling and Analysis

The first layer of methodological tools developed by our team is a set of theoretical continuous models that aim
at formalizing the problems studied in the applications. These theoretical findings will also pave the way to
efficient numerical solvers that are detailed in Section 3.2.

3.1.1 Static Optimal Transport and Generalizations

Convexity constraint and Principal Agent problem in Economics. (Participants: G. Carlier, J-D. Benamou, V.
Duval, Xavier Dupuis (LUISS Guido Carli University, Roma)) The principal agent problem plays a distinguished
role in the literature on asymmetric information and contract theory (with important contributions from
several Nobel prizes such as Mirrlees, Myerson or Spence) and it has many important applications in optimal
taxation, insurance, nonlinear pricing. The typical problem consists in finding a cost minimizing strategy for
a monopolist facing a population of agents who have an unobservable characteristic, the principal therefore
has to take into account the so-called incentive compatibilty constraint which is very similar to the cyclical
monotonicity condition which characterizes optimal transport plans. In a special case, Rochet and Choné
[140] reformulated the problem as a variational problem subject to a convexity constraint. For more general
models, and using ideas from Optimal Transportation, Carlier [75] considered the more general c-convexity
constraint and proved a general existence result. Using the formulation of [75] McCann, Figalli and Kim [98]
gave conditions under which the principal agent problem can be written as an infinite dimensional convex
variational problem. The important results of [98] are intimately connected to the regularity theory for optimal
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transport and showed that there is some hope to numerically solve the principal-agent problem for general
utility functions.
Our expertise: We have already contributed to the numerical resolution of the Principal Agent problem in the
case of the convexity constraint, see [80, 127, 129].
Goals: So far, the mathematical PA model can be numerically solved for simple utility functions. A Bregman
approach inspired by [42] is currently being developed [78] for more general functions. It would be extremely
useful as a complement to the theoretical analysis. A new semi-Discrete Geometric approach is also investigated
where the method reduces to non-convex polynomial optimization.

Optimal transport and conditional constraints in statistics and finance. (Participants: G. Carlier, J-D. Be-
namou, G. Peyré) A challenging branch of emerging generalizations of Optimal Transportation arising in
economics, statistics and finance concerns Optimal Transportation with conditional constraints. The martingale
optimal transport [37, 103] which appears naturally in mathematical finance aims at computing robust bounds
on option prices as the value of an optimal transport problem where not only the marginals are fixed but the
coupling should be the law of a martingale, since it represents the prices of the underlying asset under the
risk-neutral probability at the different dates. Note that as soon as more than two dates are involved, we are
facing a multimarginal problem.
Our expertise: Our team has a deep expertise on the topic of OT and its generalization, including many
already existing collaboration between its members, see for instance [42, 47, 40] for some representative recent
collaborative publications.
Goals: This is a non trivial extension of Optimal Transportation theory and MOKAPLAN will develop numerical
methods (in the spirit of entropic regularization) to address it. A popular problem in statistics is the so-called
quantile regression problem, recently Carlier, Chernozhukov and Galichon [76] used an Optimal Transportation
approach to extend quantile regression to several dimensions. In this approach again, not only fixed marginals
constraints are present but also constraints on conditional means. As in the martingale Optimal Transportation
problem, one has to deal with an extra conditional constraint. The duality approach usually breaks down under
such constraints and characterization of optimal couplings is a challenging task both from a theoretical and
numerical viewpoint.

JKO gradient flows. (Participants: G. Carlier, J-D. Benamou, M. Laborde, Q. Mérigot, V. Duval) The connection
between the static and dynamic transportation problems (see Section 2.3) opens the door to many extensions,
most notably by leveraging the use of gradient flows in metric spaces. The flow with respect to the transportation
distance has been introduced by Jordan-Kindelherer-Otto (JKO) [111] and provides a variational formulation
of many linear and non-linear diffusion equations. The prototypical example is the Fokker Planck equation.
We will explore this formalism to study new variational problems over probability spaces, and also to derive
innovative numerical solvers. The JKO scheme has been very successfully used to study evolution equations
that have the structure of a gradient flow in the Wasserstein space. Indeed many important PDEs have this
structure: the Fokker-Planck equation (as was first considered by [111]), the porous medium equations, the
granular media equation, just to give a few examples. It also finds application in image processing [64]. Figure 4
shows examples of gradient flows.
Our expertise: There is an ongoing collaboration between the team members on the theoretical and numerical
analysis of gradient flows.
Goals: We apply and extend our research on JKO numerical methods to treat various extensions:

• Wasserstein gradient flows with a non displacement convex energy (as in the parabolic-elliptic Keller-Segel
chemotaxis model [82])

• systems of evolution equations which can be written as gradient flows of some energy on a product space
(possibly mixing the Wasserstein and L2 structures) : multi-species models or the parabolic-parabolic
Keller-Segel model [51]

• perturbation of gradient flows: multi-species or kinetic models are not gradient flows, but may be viewed
as a perturbation of Wasserstein gradient flows, we shall therefore investigate convergence of splitting
methods for such equations or systems.
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Figure 4: Example of non-linear diffusion equations solved with a JKO flow [43]. The horizontal axis shows the

time evolution minimizing the functional
∫ ρα

α−1 on the density ρ (discretized here using point clouds, i.e. sum
of Diracs’ with equal mass). Each row shows a different value of α= (0.6,2,3)

Figure 5: Monge and Wardrop flows of mass around an obstacle [40]. the source/target mass is represented by
the level curves. Left : no congestion, Right : congestion.

From networks to continuum congestion models. (Participants: G. Carlier, J-D. Benamou, G. Peyré) Con-
gested transport theory in the discrete framework of networks has received a lot of attention since the 50’s
starting with the seminal work of Wardrop. A few years later, Beckmann proved that equilibria are characterized
as solution of a convex minimization problem. However, this minimization problem involves one flow variable
per path on the network, its dimension thus quickly becomes too large in practice. An alternative, is to consider
continuous in space models of congested optimal transport as was done in [79] which leads to very degenerate
PDEs [56].

Our expertise: MOKAPLAN members have contributed a lot to the analysis of congested transport problems
and to optimization problems with respect to a metric which can be attacked numerically by fast marching
methods [47].

Goals: The case of general networks/anisotropies is still not well understood, general Γ-convergence results will
be investigated as well as a detailed analysis of the corresponding PDEs and numerical methods to solve them.
Benamou and Carlier already studied numerically some of these PDEs by an augmented Lagrangian method
see figure 5. Note that these class of problems share important similarities with metric learning problem in
machine learning, detailed below.
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3.1.2 Diffeomorphisms and Dynamical Transport

Growth Models for Dynamical Optimal Transport. (Participants: F-X. Vialard, J-D. Benamou, G. Peyré, L.
Chizat) A major issue with the standard dynamical formulation of OT is that it does not allow for variation of
mass during the evolution, which is required when tackling medical imaging applications such as tumor growth
modeling [67] or tracking elastic organ movements [144]. Previous attempts [122, 137] to introduce a source
term in the evolution typically lead to mass teleportation (propagation of mass with infinite speed), which is
not always satisfactory.
Our expertise: Our team has already established key contributions both to connect OT to fluid dynamics [38]
and to define geodesic metrics on the space of shapes and diffeomorphisms [86].
Goals: Lenaic Chizat’s PhD thesis aims at bridging the gap between dynamical OT formulation, and LDDDM
diffeomorphisms models (see Section 2.3). This will lead to biologically-plausible evolution models that are both
more tractable numerically than LDDM competitors, and benefit from strong theoretical guarantees associated
to properties of OT.

Mean-field games. (Participants: G. Carlier, J-D. Benamou) The Optimal Transportation Computational Fluid
Dynamics (CFD) formulation is a limit case of variational Mean-Field Games (MFGs), a new branch of game
theory recently developed by J-M. Lasry and P-L. Lions [114] with an extremely wide range of potential applica-
tions [106]. Non-smooth proximal optimization methods used successfully for the Optimal Transportation
can be used in the case of deterministic MFGs with singular data and/or potentials [41]. They provide a robust
treatment of the positivity constraint on the density of players.
Our expertise: J.-D. Benamou has pioneered with Brenier the CFD approach to Optimal Transportation.
Regarding MFGs, on the numerical side, our team has already worked on the use of augmented Lagrangian
methods in MFGs [40] and on the analytical side [74] has explored rigorously the optimality system for a singular
CFD problem similar to the MFG system.
Goals: We will work on the extension to stochastic MFGs. It leads to non-trivial numerical difficulties already
pointed out in [30].

Macroscopic Crowd motion, congestion and equilibria. (Participants: G. Carlier, J-D. Benamou, Q. Mérigot,
F. Santambrogio (U. Paris-Sud), Y. Achdou (Univ. Paris 7), R. Andreev (Univ. Paris 7)) Many models from
PDEs and fluid mechanics have been used to give a description of people or vehicles moving in a congested
environment. These models have to be classified according to the dimension (1D model are mostly used for
cars on traffic networks, while 2-D models are most suitable for pedestrians), to the congestion effects (“soft”
congestion standing for the phenomenon where high densities slow down the movement, “hard” congestion for
the sudden effects when contacts occur, or a certain threshold is attained), and to the possible rationality of the
agents Maury et al [125] recently developed a theory for 2D hard congestion models without rationality, first
in a discrete and then in a continuous framework. This model produces a PDE that is difficult to attack with
usual PDE methods, but has been successfully studied via Optimal Transportation techniques again related
to the JKO gradient flow paradigm. Another possibility to model crowd motion is to use the mean field game
approach of Lions and Lasry which limits of Nash equilibria when the number of players is large. This also gives
macroscopic models where congestion may appear but this time a global equilibrium strategy is modelled rather
than local optimisation by players like in the JKO approach. Numerical methods are starting to be available, see
for instance [30, 63].
Our expertise: We have developed numerical methods to tackle both the JKO approach and the MFG approach.
The Augmented Lagrangian (proximal) numerical method can actually be applied to both models [40], JKO and
deterministic MFGs.
Goals: We want to extend our numerical approach to more realistic congestion model where the speed of agents
depends on the density, see Figure 6 for preliminary results. Comparison with different numerical approaches
will also be performed inside the ANR ISOTACE. Extension of the Augmented Lagrangian approach to Stochastic
MFG will be studied.

Diffeomorphic image matching. (Participants: F-X. Vialard, G. Peyré, B. Schmitzer, L. Chizat) Diffeomorphic
image registration is widely used in medical image analysis. This class of problems can be seen as the computa-
tion of a generalized optimal transport, where the optimal path is a geodesic on a group of diffeomorphisms.
The major difference between the two approaches being that optimal transport leads to non smooth optimal
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Figure 6: Example of crowd congestion with density dependent speed. The macroscopic density, at 4 different
times, of people forced to exit from one room towards a meeting point in a second room.

maps in general, which is however compulsory in diffeomorphic image matching. In contrast, optimal transport
enjoys a convex variational formulation whereas in LDDMM the minimization problem is non convex.
Our expertise: F-X. Vialard is an expert of diffeomorphic image matching (LDDMM) [151, 62, 148]. Our team
has already studied flows and geodesics over non-Riemannian shape spaces, which allows for piecewise smooth
deformations [86].
Goals: Our aim consists in bridging the gap between standard optimal transport and diffeomorphic methods
by building new diffeomorphic matching variational formulations that are convex (geometric obstructions
might however appear). A related perspective is the development of new registration/transport models in a
Lagrangian framework, in the spirit of [143, 144] to obtain more meaningful statistics on longitudinal studies.

Diffeomorphic matching consists in the minimization of a functional that is a sum of a deformation cost
and a similarity measure. The choice of the similarity measure is as important as the deformation cost. It is
often chosen as a norm on a Hilbert space such as functions, currents or varifolds. From a Bayesian perspective,
these similarity measures are related to the noise model on the observed data which is of geometric nature and
it is not taken into account when using Hilbert norms. Optimal transport fidelity have been used in the context
of signal and image denoising [116], and it is an important question to extends these approach to registration
problems. Therefore, we propose to develop similarity measures that are geometric and computationally very
efficient using entropic regularization of optimal transport.

Our approach is to use a regularized optimal transport to design new similarity measures on all of those
Hilbert spaces. Understanding the precise connections between the evolution of shapes and probability
distributions will be investigated to cross-fertilize both fields by developing novel transportation metrics and
diffeomorphic shape flows.

The corresponding numerical schemes are however computationally very costly. Leveraging our under-
standing of the dynamic optimal transport problem and its numerical resolution, we propose to develop new
algorithms. These algorithms will use the smoothness of the Riemannian metric to improve both accuracy and
speed, using for instance higher order minimization algorithm on (infinite dimensional) manifolds.

Metric learning and parallel transport for statistical applications. (Participants: F-X. Vialard, G. Peyré, B.
Schmitzer, L. Chizat) The LDDMM framework has been advocated to enable statistics on the space of shapes
or images that benefit from the estimation of the deformation. The statistical results of it strongly depend on
the choice of the Riemannian metric. A possible direction consists in learning the right invariant Riemannian
metric as done in [150] where a correlation matrix (Figure 7) is learnt which represents the covariance matrix of
the deformation fields for a given population of shapes. In the same direction, a question of emerging interest
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Axial Coronal Sagittal

Figure 7: Learning Riemannian metrics in diffeomorphic image matching to capture the brain variability: a
diagonal operator that encodes the Riemannian metric is learnt on a template brain out of a collection of brain
images. The values of the diagonal operator are shown in greyscale. The red curves represent the boundary
between white and grey matter. For more details, we refer the reader to [150], which was a first step towards
designing effective and robust metric learning algorithms.

Figure 8: Statistics on initial momenta: In [99], we compared several intersubject transport methodologies
to perform statistics on longitudinal evolutions. These longitudinal evolutions are represented by an initial
velocity field on the shapes boundaries and these velocity fields are then compared using logistic regression
methods that are regularized. The four pictures represent different regularization methods such as L2, H 1 and
regularization including a sparsity prior such as Lasso, Fused Lasso and T V .

in medical imaging is the analysis of time sequence of shapes (called longitudinal analysis) for early diagnosis of
disease, for instance [99]. A key question is the inter subject comparison of the organ evolution which is usually
done by transport of the time evolution in a common coordinate system via parallel transport or other more
basic methods. Once again, the statistical results (Figure 8) strongly depend on the choice of the metric or more
generally on the connection that defines parallel transport.
Our expertise: Our team has already studied statistics on longitudinal evolutions in [99, 100].
Goals: Developing higher order numerical schemes for parallel transport (only low order schemes are available
at the moment) and developing variational models to learn the metric or the connections for improving
statistical results.

3.1.3 Sparsity in Imaging

Inverse problems over measures spaces. (Participants: G. Peyré, V. Duval, C. Poon, Q. Denoyelle) As detailed
in Section 2.4, popular methods for regularizing inverse problems in imaging make use of variational analysis
over infinite-dimensional (typically non-reflexive) Banach spaces, such as Radon measures or bounded variation
functions.
Our expertise: We have recently shown in [149] how – in the finite dimensional case – the non-smoothness
of the functionals at stake is crucial to enforce the emergence of geometrical structures (edges in images or
fractures in physical materials [52]) for discrete (finite dimensional) problems. We extended this result in a
simple infinite dimensional setting, namely sparse regularization of Radon measures for deconvolution [94]. A
deep understanding of those continuous inverse problems is crucial to analyze the behavior of their discrete
counterparts, and in [95] we have taken advantage of this understanding to develop a fine analysis of the
artifacts induced by discrete (i.e. which involve grids) deconvolution models. These works are also closely
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related to the problem of limit analysis and yield design in mechanical plasticity, see [77, 52] for an existing
collaboration between MOKAPLAN’s team members.
Goals: A current major front of research in the mathematical analysis of inverse problems is to extend these
results for more complicated infinite dimensional signal and image models, such as for instance the set
of piecewise regular functions. The key bottleneck is that, contrary to sparse measures (which are finite
sums of Dirac masses), here the objects to recover (smooth edge curves) are not parameterized by a finite
number of degrees of freedom. The relevant previous work in this direction are the fundamental results of
Chambolle, Caselles and co-workers [147, 32, 83]. They however only deal with the specific case where there is
no degradation operator and no noise in the observations. We believe that adapting these approaches using our
construction of vanishing derivative pre-certificate [94] could lead to a solution to these theoretical questions.

Sub-Riemannian diffusions. (Participants: G. Peyré, J-M. Mirebeau, D. Prandi) Modeling and processing
natural images require to take into account their geometry through anisotropic diffusion operators, in order to
denoise and enhance directional features such as edges and textures [136, 96]. This requirement is also at the
heart of recently proposed models of cortical processing [135]. A mathematical model for these processing is
diffusion on sub-Riemanian manifold. These methods assume a fixed, usually linear, mapping from the 2-D
image to a lifted function defined on the product of space and orientation (which in turn is equipped with a
sub-Riemannian manifold structure).
Our expertise: J-M. Mirebeau is an expert in the discretization of highly anisotropic diffusions through the use
of locally adaptive computational stencils [130, 96]. G. Peyré has done several contributions on the definition of
geometric wavelets transform and directional texture models, see for instance [136]. Dario Prandi has recently
applied methods from sub-Riemannian geometry to image restoration [54].
Goals: A first aspect of this work is to study non-linear, data-adaptive, lifting from the image to the space/orientation
domain. This mapping will be implicitly defined as the solution of a convex variational problem. This will
open both theoretical questions (existence of a solution and its geometrical properties, when the image to
recover is piecewise regular) and numerical ones (how to provide a faithful discretization and fast second order
Newton-like solvers). A second aspect of this task is to study the implication of these models for biological
vision, in a collaboration with the UNIC Laboratory (directed by Yves Fregnac), located in Gif-sur-Yvette. In
particular, the study of the geometry of singular vectors (or “ground states” using the terminology of [48]) of the
non-linear sub-Riemannian diffusion operators is highly relevant from a biological modeling point of view.

Sparse reconstruction from scanner data. (Participants: G. Peyré, V. Duval, C. Poon) Scanner data acquisition
is mathematically modeled as a (sub-sampled) Radon transform [107]. It is a difficult inverse problem because
the Radon transform is ill-posed and the set of observations is often aggressively sub-sampled and noisy [142].
Typical approaches [113] try to recover piecewise smooth solutions in order to recover precisely the position
of the organ being imaged. There is however a very poor understanding of the actual performance of these
methods, and little is known on how to enhance the recovery.
Our expertise: We have obtained a good understanding of the performance of inverse problem regularization
on compact domains for pointwise sources localization [94].
Goals: We aim at extending the theoretical performance analysis obtained for sparse measures [94] to the set
of piecewise regular 2-D and 3-D functions. Some interesting previous work of C. Poon et al [138] (C. Poon is
currently a postdoc in MOKAPLAN) have tackled related questions in the field of variable Fourier sampling for
compressed sensing application (which is a toy model for fMRI imaging). These approaches are however not
directly applicable to Radon sampling, and require some non-trivial adaptations. We also aim at better exploring
the connection of these methods with optimal-transport based fidelity terms such as those introduced in [29].

Tumor growth modeling in medical image analysis. (Participants: G. Peyré, F-X. Vialard, J-D. Benamou, L.
Chizat) Some applications in medical image analysis require to track shapes whose evolution is governed by a
growth process. A typical example is tumor growth, where the evolution depends on some typically unknown
but meaningful parameters that need to be estimated. There exist well-established mathematical models [67,
134] of non-linear diffusions that take into account recently biologically observed property of tumors. Some
related optimal transport models with mass variations have also recently been proposed [123], which are
connected to so-called metamorphoses models in the LDDMM framework [49].
Our expertise: Our team has a strong experience on both dynamical optimal transport models and diffeomor-
phic matching methods (see Section 3.1.2).
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Goals: The close connection between tumor growth models [67, 134] and gradient flows for (possibly non-
Euclidean) Wasserstein metrics (see Section 3.1.2) makes the application of the numerical methods we develop
particularly appealing to tackle large scale forward tumor evolution simulation. A significant departure from
the classical OT-based convex models is however required. The final problem we wish to solve is the backward
(inverse) problem of estimating tumor parameters from noisy and partial observations. This also requires to
set-up a meaningful and robust data fidelity term, which can be for instance a generalized optimal transport
metric.

3.2 Numerical Tools

The above continuous models require a careful discretization, so that the fundamental properties of the models
are transferred to the discrete setting. Our team aims at developing innovative discretization schemes as well
as associated fast numerical solvers, that can deal with the geometric complexity of the variational problems
studied in the applications. This will ensure that the discrete solution is correct and converges to the solution of
the continuous model within a guaranteed precision. We give below examples for which a careful mathematical
analysis of the continuous to discrete model is essential, and where dedicated non-smooth optimization solvers
are required.

3.2.1 Geometric Discretization Schemes

Discretizing the cone of convex constraints. (Participants: J-D. Benamou, G. Carlier, J-M. Mirebeau, Q.
Mérigot) Optimal transportation models as well as continuous models in economics can be formulated as infi-
nite dimensional convex variational problems with the constraint that the solution belongs to the cone of convex
functions. Discretizing this constraint is however a tricky problem, and usual finite element discretizations fail
to converge.

Our expertise: Our team is currently investigating new discretizations, see in particular the recent proposal [46]
for the Monge-Ampère equation and [129] for general non-linear variational problems. Both offer convergence
guarantees and are amenable to fast numerical resolution techniques such as Newton solvers. Since [46]
explaining how to treat efficiently and in full generality Transport Boundary Conditions for Monge-Ampère,
this is a promising fast and new approach to compute Optimal Transportation viscosity solutions. A monotone
scheme is needed. One is based on Froese Oberman work [102], a new different and more accurate approach
has been proposed by Mirebeau, Benamou and Collino [44]. As shown in [88], discretizing the constraint for a
continuous function to be convex is not trivial. Our group has largely contributed to solve this problem with G.
Carlier [80], Quentin Mérigot [127] and J-M. Mirebeau [129]. This problem is connected to the construction of
monotone schemes for the Monge-Ampère equation.

Goals: The current available methods are 2-D. They need to be optimized and parallelized. A non-trivial
extension to 3-D is necessary for many applications. The notion of c-convexity appears in optimal transport for
generalized displacement costs. How to construct an adapted discretization with “good” numerical properties
is however an open problem.

Numerical JKO gradient flows. (Participants: J-D. Benamou, G. Carlier, J-M. Mirebeau, G. Peyré, Q. Mérigot)
As detailed in Section 2.3, gradient Flows for the Wasserstein metric (aka JKO gradient flows [111]) provides a
variational formulation of many non-linear diffusion equations. They also open the way to novel discretization
schemes. From a computational point, although the JKO scheme is constructive (it is based on the implicit
Euler scheme), it has not been very much used in practice numerically because the Wasserstein term is difficult
to handle (except in dimension one).

Our expertise:

Solving one step of a JKO gradient flow is similar to solving an Optimal transport problem. A geometrical
a discretization of the Monge-Ampère operator approach has been proposed by Mérigot, Carlier, Oudet and
Benamou in [43] see Figure 4. The Gamma convergence of the discretisation (in space) has been proved.

Goals: We are also investigating the application of other numerical approaches to Optimal Transport to JKO
gradient flows either based on the CFD formulation or on the entropic regularization of the Monge-Kantorovich
problem (see section 3.2.3). An in-depth study and comparison of all these methods will be necessary.
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3.2.2 Sparse Discretization and Optimization

From discrete to continuous sparse regularization and transport. (Participants: V. Duval, G. Peyré, G. Carlier,
Jalal Fadili (ENSICaen), Jérôme Malick (CNRS, Univ. Grenoble)) While pervasive in the numerical analysis
community, the problem of discretization and Γ-convergence from discrete to continuous is surprisingly over-
looked in imaging sciences. To the best of our knowledge, our recent work [94, 95] is the first to give a rigorous
answer to the transition from discrete to continuous in the case of the spike deconvolution problem. Similar
problems of Γ-convergence are progressively being investigated in the optimal transport community, see in
particular [81].
Our expertise: We have provided the first results on the discrete-to-continous convergence in both sparse
regularization variational problems [94, 95] and the static formulation of OT and Wasserstein barycenters [81]
Goals: In a collaboration with Jérôme Malick (INRIA Grenoble), our first goal is to generalize the result of [94] to
generic partly-smooth convex regularizers routinely used in imaging science and machine learning, a prototypal
example being the nuclear norm (see [149] for a review of this class of functionals). Our second goal is to extend
the results of [81] to the novel class of entropic discretization schemes we have proposed [42], to lay out the
theoretical foundation of these ground-breaking numerical schemes.

Polynomial optimization for grid-free regularization. (Participants: G. Peyré, V. Duval, I. Waldspurger)
There has been a recent spark of attention of the imaging community on so-called “grid free” methods, where
one tries to directly tackle the infinite dimensional recovery problem over the space of measures, see for in-
stance [73, 94]. The general idea is that if the range of the imaging operator is finite dimensional, the associated
dual optimization problem is also finite dimensional (for deconvolution, it corresponds to optimization over
the set of trigonometric polynomials).
Our expertise: We have provided in [94] a sharp analysis of the support recovery property of this class of
methods for the case of sparse spikes deconvolution.
Goals: A key bottleneck of these approaches is that, while being finite dimensional, the dual problem necessi-
tates to handle a constraint of polynomial positivity, which is notoriously difficult to manipulate (except in the
very particular case of 1-D problems, which is the one exposed in [73]). A possible, but very costly, methodology
is to ressort to Lasserre’s SDP representation hierarchy [115]. We will make use of these approaches and study
how restricting the level of the hierarchy (to obtain fast algorithms) impacts the recovery performances (since
this corresponds to only computing approximate solutions). We will pay a particular attention to the recovery of
2-D piecewise constant functions (the so-called total variation of functions regularization [141]), see Figure 3
for some illustrative applications of this method.

3.2.3 First Order Proximal Schemes

L2 proximal methods. (Participants: G. Peyré, J-D. Benamou, G. Carlier, Jalal Fadili (ENSICaen)) Both sparse
regularization problems in imaging (see Section 2.4) and dynamical optimal transport (see Section 2.3) are
instances of large scale, highly structured, non-smooth convex optimization problems. First order proximal
splitting optimization algorithms have recently gained lots of interest for these applications because they are the
only ones capable of scaling to giga-pixel discretizations of images and volumes and at the same time handling
non-smooth objective functions. They have been successfully applied to optimal transport [38, 131], congested
optimal transport [66] and to sparse regularizations (see for instance [139] and the references therein).
Our expertise: The pioneering work of our team has shown how these proximal solvers can be used to tackle
the dynamical optimal transport problem [38], see also [131]. We have also recently developed new proximal
schemes that can cope with non-smooth composite objectives functions [139].
Goals: We aim at extending these solvers to a wider class of variational problems, most notably optimization
under divergence constraints [40]. Another subject we are investigating is the extension of these solvers to both
non-smooth and non-convex objective functionals, which are mandatory to handle more general transportation
problems and novel imaging regularization penalties.

Bregman proximal methods. (Participants: G. Peyré G. Carlier, L. Nenna, J-D. Benamou, L. Nenna, Marco
Cuturi (Kyoto Univ.)) The entropic regularization of the Kantorovich linear program for OT has been shown to
be surprisingly simple and efficient, in particular for applications in machine learning [92]. As shown in [42],
this is a special instance of the general method of Bregman iterations, which is also a particular instance of first
order proximal schemes according to the Kullback-Leibler divergence.
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Figure 9: Example of barycenter between shapes computed using optimal transport barycenters of the uniform
densities inside the 3 extremal shapes, computed as detailed in [145]. Note that the barycenters are not in
general uniform distributions, and we display them as the surface defined by a suitable level-set of the density.

Our expertise: We have recently [42] shown how Bregman projections [57] and Dykstra algorithm [35] offer a
generic optimization framework to solve a variety of generalized OT problems. Carlier and Dupuis [78] have
designed a new method based on alternate Dykstra projections and applied it to the principal-agent problem
in microeconomics. We have applied this method in computer graphics in a paper accepted in SIGGRAPH
2015 [145]. Figure 9 shows the potential of our approach to handle giga-voxel datasets: the input volumetric
densities are discretized on a 1003 computational grid.

Goals: Following some recent works (see in particular [85]) we first aim at studying primal-dual optimization
schemes according to Bregman divergences (that would go much beyond gradient descent and iterative
projections), in order to offer a versatile and very effective framework to solve variational problems involving OT
terms. We then also aim at extending the scope of usage of this method to applications in quantum mechanics
(Density Functional Theory, see [89]) and fluid dynamics (Brenier’s weak solutions of the incompressible Euler
equation, see [59]). The computational challenge is that realistic physical examples are of a huge size not only
because of the space discretization of one marginal but also because of the large number of marginals involved
(for incompressible Euler the number of marginals equals the number of time steps).

4 Application domains

4.1 Natural Sciences

FreeForm Optics, Fluid Mechanics (Incompressible Euler, Semi-Geostrophic equations), Quantum Chemistry
(Density Functional Theory), Statistical Physics (Schroedinger problem), Porous Media.

4.2 Signal Processing and inverse problems

Full Waveform Inversion (Geophysics), Super-resolution microscopy (Biology), Satellite imaging (Meteorology)

4.3 Social Sciences

Mean-field games, spatial economics, principal-agent models, taxation, nonlinear pricing.
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5 New results

5.1 A mean field game model for the evolution of cities

[1] César Barilla, Guillaume Carlier, Jean-Michel Lasry
We propose a (toy) MFG model for the evolution of residents and firms densities, coupled both by labour

market equilibrium conditions and competition for land use (congestion). This results in a system of two
Hamilton-Jacobi-Bellman and two Fokker-Planck equations with a new form of coupling related to optimal
transport. This MFG has a convex potential which enables us to find weak solutions by a variational approach.
In the case of quadratic Hamiltonians, the problem can be reformulated in Lagrangian terms and solved
numerically by an IPFP/Sinkhorn-like scheme. We present numerical results based on this approach, these
simulations exhibit different behaviours with either agglomeration or segregation dominating depending on
the initial conditions and parameters.

5.2 Optimal transportation, modelling and numerical simulation

[2] Jean-David Benamou
We present an overviewof the basic theory, modern optimal transportation extensions and recent algorithmic

advances. Selected modelling and numerical applications illustrate the impact of optimal transportation in
numerical analysis.

5.3 Entropic-Wasserstein barycenters: PDE characterization, regularity and CLT.

[3] Guillaume Carlier, Katharina Eichinger, Alexey Kroshnin
In this paper, we investigate properties of entropy-penalized Wasserstein barycenters as a regularization

of Wasserstein barycenters. After characterizing these barycenters in terms of a system of Monge-Ampère
equations, we prove some global moment and Sobolev bounds as well as higher regularity properties. We finally
establish a central limit theorem for entropic-Wasserstein barycenters.

5.4 Stability of optimal traffic plans in the irrigation problem

[4] Maria Colombo, Antonio De Rosa, Andrea Marchese, Paul Pegon, Antoine Prouff
We prove the stability of optimal traffic plans in branched transport. In particular, we show that any limit of

optimal traffic plans is optimal as well. This result goes beyond the Eulerian stability proved in [Colombo, De
Rosa, Marchese ; 2021], extending it to the Lagrangian framework.

5.5 An Epigraphical Approach to the Representer Theorem

[5] Vincent Duval
Describing the solutions of inverse problems arising in signal or image processing is an important issue

both for theoretical and numerical purposes. We propose a principle which describes the solutions to convex
variational problems involving a finite number of measurements. We discuss its optimality on various problems
concerning the recovery of Radon measures.

5.6 Convergence of a Lagrangian discretization for barotropic fluids and porous media
flow

[6]
Thomas Gallouët, Quentin Merigot, Andrea Natale
When expressed in Lagrangian variables, the equations of motion for compressible (barotropic) fluids have

the structure of a classical Hamiltonian system in which the potential energy is given by the internal energy
of the fluid. The dissipative counterpart of such a system coincides with the porous medium equation, which
can be cast in the form of a gradient flow for the same internal energy. Motivated by these related variational
structures, we propose a particle method for both problems in which the internal energy is replaced by its
Moreau-Yosida regularization in the L2 sense, which can be efficiently computed as a semi-discrete optimal
transport problem. Using a modulated energy argument which exploits the convexity of the problem in Eulerian
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variables, we prove quantitative convergence estimates towards smooth solutions. We verify such estimates by
means of several numerical tests.

5.7 Computation of optimal transport with finite volumes

[7] Andrea Natale, Gabriele Todeschi
We construct Two-Point Flux Approximation (TPFA) finite volume schemes to solve the quadratic optimal

transport problem in its dynamic form, namely the problem originally introduced by Benamou and Brenier.
We show numerically that these type of discretizations are prone to form instabilities in their more natural
implementation, and we propose a variation based on nested meshes in order to overcome these issues. Despite
the lack of strict convexity of the problem, we also derive quantitative estimates on the convergence of the
method, at least for the discrete potential and the discrete cost. Finally, we introduce a strategy based on the
barrier method to solve the discrete optimization problem.

5.8 A Dimension-free Computational Upper-bound for Smooth Optimal Transport Esti-
mation

[10] Adrien Vacher, Boris Muzellec, Alessandro Rudi, Francis Bach, François-Xavier Vialard
It is well-known that plug-in statistical estimation of optimal transport suffers from the curse of dimen-

sionality. Despite recent efforts to improve the rate of estimation with the smoothness of the problem, the
computational complexity of these recently proposed methods still degrade exponentially with the dimension.
In this paper, thanks to an infinitedimensional sum-of-squares representation, we derive a statistical estimator
of smooth optimal transport which achieves a precision ε from O(ε−2) independent and identically distributed
samples from the distributions, for a computational cost of O(ε−4) when the smoothness increases, hence yield-
ing dimension-free statistical and computational rates, with potentially exponentially dimension-dependent
constants.

5.9 A spatial Pareto exchange economy problem

[15] Xavier Bacon, Guillaume Guillaume Carlier
We use convex duality techniques to study a spatial Pareto problem with transport costs and derive a spatial

second welfare theorem. The existence of an integrable equilibrium distribution of quantities is nontrivial
and established under general monotonicity assumptions. Our variational approach also enables us to give
a numerical algorithmà la Sinkhorn and present simulations for equilibrium prices and quantities in one-
dimensional domains and a network of French cities.

5.10 Point Source Regularization of the Finite Source Reflector Problem

[16] Jean-David Benamou, Guillaume Chazareix, Wilbert L Ijzerman, Giorgi Rukhaia
We address the “freeform optics” inverse problem of designing a reflector surface mapping a prescribed

source distribution of light to a prescribed far field distribution, for a finite light source. When the finite source
reduces to a point source, the light source distribution has support only on the optics ray directions. In this
setting the inverse problem is well posed for arbitrary source and target probability distributions. It can be recast
as an Optimal Transportation problem and has been studied both mathematically and nu-merically. We are not
aware of any similar mathematical formulation in the finite source case: i.e. the source has an “´etendue” with
support both in space and directions. We propose to leverage the well-posed variational formulation of the
point source problem to build a smooth parameterization of the reflec-tor and the reflection map. Under this
parameterization we can construct a smooth loss/misfit function to optimize for the best solution in this class
of reflectors. Both steps, the parameterization and the loss, are related to Optimal Transportation distances. We
also take advantage of recent progress in the numerical approximation and resolution of these mathematical
objects to perform a numerical study.

5.11 Stability in Gagliardo-Nirenberg-Sobolev inequalities: flows, regularity and the en-
tropy method.

[17] Matteo Bonforte, Jean Dolbeault, Bruno Nazaret, Nikita Simonov
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The purpose of this work is to establish a quantitative and constructive stability result for a class of subcritical
Gagliardo-Nirenberg-Sobolev inequalities which interpolates between the logarithmic Sobolev inequality and
the standard Sobolev inequality (in dimension larger than three), or Onofri’s inequality in dimension two. We
develop a new strategy, in which the flow of the fast diffusion equation is used as a tool: a stability result in the
inequality is equivalent to an improved rate of convergence to equilibrium for the flow. The regularity properties
of the parabolic flow allow us to connect an improved entropy - entropy production inequality during an initial
time layer to spectral properties of a suitable linearized problem which is relevant for the asymptotic time layer.
Altogether, the stability in the inequalities is measured by a deficit which controls in strong norms (a Fisher
information which can be interpreted as a generalized Heisenberg uncertainty principle) the distance to the
manifold of optimal functions. The method is constructive and, for the first time, quantitative estimates of the
stability constant are obtained, including in the critical case of Sobolev’s inequality. To build the estimates, we
establish a quantitative global Harnack principle and perform a detailed analysis of large time asymptotics by
entropy methods.

5.12 SISTA: learning optimal transport costs under sparsity constraints

[19] Guillaume Carlier, Arnaud Dupuy, Alfred Galichon, Yifei Sun : In this paper, we describe a novel iterative
procedure called SISTA to learn the underlying cost in optimal transport problems. SISTA is a hybrid between
two classical methods, coordinate descent ("S"-inkhorn) and proximal gradient descent ("ISTA"). It alternates
between a phase of exact minimization over the transport potentials and a phase of proximal gradient descent
over the parameters of the transport cost. We prove that this method converges linearly, and we illustrate
on simulated examples that it is significantly faster than both coordinate descent and ISTA. We apply it to
estimating a model of migration, which predicts the flow of migrants using country-specific characteristics
and pairwise measures of dissimilarity between countries. This application demonstrates the effectiveness of
machine learning in quantitative social sciences.

5.13 Convex geometry of finite exchangeable laws and de Finetti style representation
with universal correlated corrections

[20] Guillaume Carlier, Gero Friesecke, Daniela Vögler
We present a novel analogue for finite exchangeable sequences of the de Finetti, Hewitt and Savage theorem

and investigate its implications for multi-marginal optimal transport (MMOT) and Bayesian statistics. If (Z 1 , ...,
Z N) is a finitely exchangeable sequence of N random variables taking values in some Polish space X, we show
that the law µ k of the first k components has a representation of the form.

5.14 On the linear convergence of the multi-marginal Sinkhorn algorithm

[18] Guilaume Carlie
The aim of this short note is to give an elementary proof of linear convergence of the Sinkhorn algorithm

for the entropic regularization of multi-marginal optimal transport. The proof simply relies on: i) the fact
that Sinkhorn iterates are bounded, ii) strong convexity of the exponential on bounded intervals and iii) the
convergence analysis of the coordinate descent (Gauss-Seidel) method of Beck and Tetruashvili.

5.15 "FISTA" in Banach spaces with adaptive discretisations

[21] Antonin Chambolle, Robert Tovey
FISTA is a popular convex optimisation algorithm which is known to converge at an optimal rate whenever

the optimisation domain is contained in a suitable Hilbert space. We propose a modified algorithm where each
iteration is performed in a subspace, and that subspace is allowed to change at every iteration. Analytically, this
allows us to guarantee convergence in a Banach space setting, although at a reduced rate depending on the
conditioning of the specific problem. Numerically we show that a greedy adaptive choice of discretisation can
greatly increase the time and memory efficiency in infinite dimensional Lasso optimisation problems.

5.16 Towards Off-the-grid Algorithms for Total Variation Regularized Inverse Problems

[22] Yohann De Castro, Vincent Duval, Romain Petit

19



We introduce an algorithm to solve linear inverse problems regularized with the total (gradient) variation in
a gridless manner. Contrary to most existing methods, that produce an approximate solution which is piecewise
constant on a fixed mesh, our approach exploits the structure of the solutions and consists in iteratively
constructing a linear combination of indicator functions of simple polygons.

5.17 Mass concentration in rescaled first order integral functionals

[23] Antonin Monteil, Paul Pegon
We consider first order local minimization problems min

∫
RN f (u,∇u) under a mass constraint

∫
RN u = m ∈R.

We prove that the minimal energy function H(m) is always concave on (−∞,0) and (0,+∞), and that relevant
rescalings of the energy, depending on a small parameter ε, Γ-converge in the weak topology of measures
towards the H-mass, defined for atomic measures

∑
i miδxi as

∑
i H(mi ). We also consider space dependent

Lagrangians f (x,u,∇u), which cover the case of space dependent H-masses
∑

i H(xi ,mi ), and also the case of
a family of Lagrangians ( fε)ε converging as ε→ 0. The Γ-convergence result holds under mild assumptions
on f , and covers several situations including homogeneous H-masses in any dimension N ≥ 2 for exponents
above a critical threshold, and all concave H-masses in dimension N = 1. Our result yields in particular the
concentration of Cahn-Hilliard fluids into droplets, and is related to the approximation of branched transport
by elliptic energies.

5.18 Near-optimal estimation of smooth transport maps with kernel sums-of-squares

[24] Boris Muzellec, Adrien Vacher, Francis Bach, François-Xavier Vialard, Alessandro Rudi
It was recently shown that under smoothness conditions, the squared Wasserstein distance between two

distributions could be efficiently computed with appealing statistical error upper bounds. However, rather than
the distance itself, the object of interest for applications such as generative modeling is the underlying optimal
transport map. Hence, computational and statistical guarantees need to be obtained for the estimated maps
themselves. In this paper, we propose the first tractable algorithm for which the statistical L2 error on the maps
nearly matches the existing minimax lower-bounds for smooth map estimation. Our method is based on solving
the semi-dual formulation of optimal transport with an infinite-dimensional sum-of-squares reformulation,
and leads to an algorithm which has dimension-free polynomial rates in the number of samples, with potentially
exponentially dimension-dependent constants.

5.19 Model-based Clustering with Missing Not At Random Data

[25] Aude Sportisse, Christophe Biernacki, Claire Boyer, Julie Josse, Matthieu Marbac Lourdelle, Gilles Celeux,
Fabien Laporte

In recent decades, technological advances have made it possible to collect large data sets. In this context,
the model-based clustering is a very popular, flexible and interpretable methodology for data exploration in a
well-defined statistical framework. One of the ironies of the increase of large datasets is that missing values
are more frequent. However, traditional ways (as discarding observations with missing values or imputation
methods) are not designed for the clustering purpose. In addition, they rarely apply to the general case, though
frequent in practice, of Missing Not At Random (MNAR) values, i.e. when the missingness depends on the
unobserved data values and possibly on the observed data values. The goal of this paper is to propose a
novel approach by embedding MNAR data directly within model-based clustering algorithms. We introduce a
selection model for the joint distribution of data and missing-data indicator. It corresponds to a mixture model
for the data distribution and a general MNAR model for the missing-data mechanism, which may depend on the
underlying classes (unknown) and/or the values of the missing variables themselves. A large set of meaningful
MNAR sub-models is derived and the identifiability of the parameters is studied for each of the sub-models,
which is usually a key issue for any MNAR proposals. The EM and Stochastic EM algorithms are considered for
estimation. Finally, we perform empirical evaluations for the proposed submodels on synthetic data and we
illustrate the relevance of our method on a medical register, the TraumaBase ® dataset.

5.20 Dynamical Programming for off-the-grid dynamic Inverse Problems

[26] Robert Tovey, Vincent Duval
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In this work we consider algorithms for reconstructing time-varying data into a finite sum of discrete
trajectories, alternatively, an off-the-grid sparse-spikes decomposition which is continuous in time. Recent
work showed that this decomposition was possible by minimising a convex variational model which combined
a quadratic data fidelity with dynamical Optimal Transport. We generalise this framework and propose new
numerical methods which leverage efficient classical algorithms for computing shortest paths on directed acyclic
graphs. Our theoretical analysis confirms that these methods converge to globally optimal reconstructions
which represent a finite number of discrete trajectories. Numerically, we show new examples for unbalanced
Optimal Transport penalties, and for balanced examples we are 100 times faster in comparison to the previously
known method.

5.21 Convex transport potential selection with semi-dual criterion

[27] Adrien Vacher, François-Xavier Vialard
Over the past few years, numerous computational models have been developed to solve Optimal Transport

(OT) in a stochastic setting, where distributions are represented by samples. In such situations, the goal is to
find a transport map that has good generalization properties on unseen data, ideally the closest map to the
ground truth, unknown in practical settings. However, in the absence of ground truth, no quantitative criterion
has been put forward to measure its generalization performance although it is crucial for model selection.
We propose to leverage the Brenier formulation of OT to perform this task. Theoretically, we show that this
formulation guarantees that, up to a distortion parameter that depends on the smoothness/strong convexity
and a statistical deviation term, the selected map achieves the lowest quadratic error to the ground truth.
This criterion, estimated via convex optimization, enables parameter and model selection among entropic
regularization of OT, input convex neural networks and smooth and strongly convex nearest-Brenier (SSNB)
models. Last, we make an experiment questioning the use of OT in Domain-Adaptation. Thanks to the criterion,
we can identify the potential that is closest to the true OT map between the source and the target and we observe
that this selected potential is not the one that performs best for the downstream transfer classification task.

5.22 Lecture notes on non-convex algorithms for low-rank matrix recovery

[28] Irène Waldspurger
Low-rank matrix recovery problems are inverse problems which naturally arise in various fields like signal

processing, imaging and machine learning. They are non-convex and NP-hard in full generality. It is therefore
a delicate problem to design efficient recovery algorithms and to provide rigorous theoretical insights on the
behavior of these algorithms. The goal of these notes is to review recent progress in this direction for the class
of so-called "non-convex algorithms", with a particular focus on the proof techniques. Although they aim at
presenting very recent research works, these notes have been written with the intent to be, as much as possible,
accessible to non-specialists. These notes were written for an eight-hour lecture at Collège de France. The
original version, in French, is available online 1 and the videos of the lecture can be found on the Collège de
France website.

6 Partnerships and cooperations

6.1 European initiatives

6.1.1 FP7 & H2020 projects

ROMSOC (657)

Title: Reduced Order Modelling, Simulation and Optimization of Coupled systems

Partners:

• ABB SCHWEIZ AG (Switzerland)

• ARCELORMITTAL INNOVACION INVESTIGACION E INVERSION SL (Spain)

• BERGISCHE UNIVERSITAET WUPPERTAL (Germany)

• CorWave (France)
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• DB Schenker Rail Polska S.A. (Poland)

• FRIEDRICH-ALEXANDER-UNIVERSITAET ERLANGEN NUERNBERG (Germany)

• MATHCONSULT GMBH (Austria)

• MICROFLOWN TECHNOLOGIES BV (Netherlands)

• Math.Tec GmbH (Austria)

• PHILIPS LIGHTING BV (Netherlands)

• POLITECNICO DI MILANO (Italy)

• SAGIV TECH LTD (Israel)

• SCUOLA INTERNAZIONALE SUPERIORE DI STUDI AVANZATI DI TRIESTE (Italy)

• STICHTING EUROPEAN SERVICE NETWORK OF MATHEMATICS FOR INDUSTRY AND INNOVA-
TION (Netherlands)

• TECHNISCHE UNIVERSITAT BERLIN (Germany)

• UNIVERSITAET BREMEN (Germany)

• UNIVERSITAT LINZ (Austria)

Inria contact: J-D. Benamou

Summary: Industrial Doctorate project (ht tp s: // ww w. ro ms oc .e u/ ) that will run for four years bringing
together 15 international academic institutions and 11 industry partners. It supports the recruitment of
eleven Early Stage Researchers working on individual research projects. MOKAPLAN partnered with Signify
(ht tp s: // ww w. si gn if y. co m/ ) in the context of G. Rukhaia PhD.

6.2 National initiatives

ANR MAGA (2016-2021) To study and to implement discretizations of optimal transport and Monge-Ampère
equations which rely on tools from computational geometry (Laguerre diagrams). to apply these solvers
to concrete problems from various fields involving optimal transport. http://quentin.mrgt.fr/proj
ects/maga/.

ANR MFG (2016-2021) Mean Field Games (MFG) theory is a new and challenging mathematical topic which
analyzes the dynamics of a very large number of interacting rational agents. Scientific topics of the project:
Mean field analysis - Analysis of the MFG systems and of the Master equation - Numerical analysis Models
and applications. http://anr-mfg.math.cnrs.fr/

PRAIRIE chair : I. Waldspurger. https://prairie-institute.fr/chairs/waldspurger-irene/

ANR CIPRESSI (2019-) https://who.paris.inria.fr/Vincent.Duval/cipressi.html is a JCJC grant
(149k€) carried by V. Duval. Its aim is to develop off-the-grid methods for inverse problems involving the
reconstruction of complex objects.

7 Dissemination

7.1 Promoting scientific activities

7.1.1 Scientific events: organisation

• Organization MFO (Oberwolfach) workshops : Applications of Optimal Transportation in the Natural II.

• Organization of the “Paris workshop on optimal transport with applications to economics and statistics”
(CERI, Oct. 2021).

• Workshop Schrodinger Problem and Mean-field PDE Systems (CIRM, Nov. 2021)

• P. Pegon is a co-organizer of the workgroup on Calculus of Variations GT CalVa.

• G. Carlier coorganize the monthly Séminaire Parisien d’optimisation
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7.1.2 Scientific events: selection

Member of the editorial boards G. Carlier is in the Editorial Board of Journal de l’Ecole Polytechnique, Applied
Math and Opt., Journal of Mathematical Analysis and Applications, Mathematics and financial economics and
Journal of dynamics and games. I. Waldspurger is associate editor for the IEEE Transactions on Signal Processing

7.1.3 Invited talks

• G. Carlier Collège de France ???

• V. Duval seminar of the GT CALVA workgroup.

• P. Pegon for Analysis & PDE Seminar at Durham University (online) and Séminaire Parisien d’Optimisation
(SPO) at IHP

7.2 Teaching - Supervision - Juries

7.2.1 Teaching

• Master : V. Duval, Problèmes Inverses, 22,5 h équivalent TD, niveau M1, Université PSL/Mines ParisTech,
FR

• Master : V. Duval, Optimization for Machine Learning, 9h, niveau M2, Université PSL/ENS, FR

• Licence : I. Waldspurger, Pré-rentrée calcul, 31,2 h équivalent TD, niveau L1, Université Paris-Dauphine,
FR

• Licence : I. Waldspurger, Analyse 2, 50,7 h équivalent TD, niveau L1, Université Paris-Dauphine, FR

• Master : I. Waldspurger, Optimization for Machine Learning, 6h, niveau M2, Université PSL/ENS, FR

• Licence : G. Carlier, algebre 1, L1 78h, Dauphine, FR

• Master : G. Carlier Variational and transport methods in economics, M2 Masef, 27h, Dauphine, FR

• Licence : P. Pegon, Analyse 2 & 3, 102 H. équivalent TD, TD niveau L1-L2, Université Paris-Dauphine, FR

• Licence : P. Pegon, Intégrale de Lebesgue et probabilités, 44 H. équivalent TD, TD niveau L3, Université
Paris-Dauphine, FR

• Master : P. Pegon, Pré-rentrée d’analyse, 16 H. équivalent TD, cours/TD niveau M1, Université Paris-
Dauphine, FR

• Licence : T. O. Gallouët, Optimisation, 24h équivalent TD, niveau L3, Université d’Orsay), FR

• G. Carlier: Licence Algèbre 1, Dauphine 70h, M2 Masef: Variatioanl and transport problems in economics,
18h

7.2.2 Supervision

• PhD completed : Giorgi Rukhaia, A FreeForm Optics Application of Entropic Optimal Transport. Super-
vised by J-D. Benamou

• PhD completed : Miao Yu, Entropic Unbalanced Optimal Transport: Application to Full-Waveform
Inversion and Numerical Illustration. Supervised by J-D. Benamou and Jean-Pierre Vilotte.

• PhD in progress : Romain Petit, Méthodes sans grille pour l’imagerie, 01/10/2019, Supervised by V. Duval

• PhD in progress : Joao-Miguel Machado, Transport optimal et structures géométriques, 01/10/2021,
Co-supervised by V. Duval and A. Chambolle

• PhD in progress : Adrien Vacher 1/10/2020. Co-supervised by F-X. Vialard and J-D. Benamou.
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• PhD in progress: Quentin Petit, mean-field games for cities modeling, co-supervision by G. Carlier Y.
Achdou and D. Tonon, 1/09/2018

• PhD in progress: Katharina Eichinger, Systems of Monge-Ampère equations: a variational approach
1/09/2019. Supervised by G. Carlier.

• PhD completed: Gabriele Todeschi, Optimal transport and finite volume schemes, Supervised by T. O.
Gallouët.

7.2.3 Juries

• J-D. Benamou, PhD Defense of Pierre Lavigne.

• V. Duval, PhD Defense of Zhanhao Liu.

7.2.4 Internal or external Inria responsibilities

V. Duval is a member of the Comité de Suivi Doctoral (CSD) and the Comité des Emplois Scientifiques (CES) of
the Inria Paris research center.

7.2.5 Education

I. Waldspurger gave three talks for high school or undergraduate students.

8 Scientific production

8.1 Publications of the year

International journals

[1] C. Barilla, G. Carlier and J.-M. Lasry. ‘A mean field game model for the evolution of cities’. In: Journal of
Dynamics and Games (2021). URL: https://hal.archives-ouvertes.fr/hal-03086616.

[2] J.-D. Benamou. ‘Optimal transportation, modelling and numerical simulation’. In: Acta Numerica 30
(May 2021), pp. 249–325. DOI: 10.1017/S0962492921000040. URL: https://hal.inria.fr/hal-03
344549.

[3] G. Carlier, K. Eichinger and A. Kroshnin. ‘Entropic-Wasserstein barycenters: PDE characterization,
regularity and CLT’. In: SIAM Journal on Mathematical Analysis (2021). URL: https://hal.archives-
ouvertes.fr/hal-03084049.

[4] M. Colombo, A. De Rosa, A. Marchese, P. Pegon and A. Prouff. ‘Stability of optimal traffic plans in the
irrigation problem’. In: Discrete and Continuous Dynamical Systems - Series A (2022). DOI: 10.3934/dcd
s.2021167. URL: https://hal.archives-ouvertes.fr/hal-02519237.

[5] V. Duval. ‘An Epigraphical Approach to the Representer Theorem’. In: Journal of Convex Analysis 28.3
(2021), https://www.heldermann.de/JCA/JCA28/JCA283/jca28047.htm. URL: https://hal.arc
hives-ouvertes.fr/hal-02424908.

[6] T. Gallouët, Q. Merigot and A. Natale. ‘Convergence of a Lagrangian discretization for barotropic fluids
and porous media flow’. In: SIAM Journal on Mathematical Analysis (2021). URL: https://hal.archiv
es-ouvertes.fr/hal-03234144.

[7] A. Natale and G. Todeschi. ‘Computation of optimal transport with finite volumes’. In: ESAIM: Mathemat-
ical Modelling and Numerical Analysis 55.5 (Sept. 2021), pp. 1847–1871. DOI: 10.1051/m2an/2021041.
URL: https://hal.archives-ouvertes.fr/hal-03348217.
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Conferences without proceedings

[8] C. Biernacki, C. Boyer, G. Celeux, J. Josse, F. Laporte, M. M. Lourdelle and A. Sportisse. ‘Dealing with
missing data in model-based clustering through a MNAR model’. In: The 14th Professor Aleksander Zeliaś
International Conference on Modelling and Forecasting of Socio-Economic Phenomena. Zakopane,
Poland, 11th May 2021. URL: https://hal.archives-ouvertes.fr/hal-03505659.

[9] C. Biernacki, C. Boyer, G. Celeux, J. Josse, F. Laporte, M. Marbac Lourdelle, A. Sportisse and V. Vandewalle.
‘Impact of Missing Data on Mixtures and Clustering’. In: MHC2021 - Mixtures, Hidden Markov Models,
Clustering. Orsay, France, 2nd June 2021. URL: https://hal.archives-ouvertes.fr/hal-0350566
4.

[10] A. Vacher, B. Muzellec, A. Rudi, F. Bach and F.-X. Vialard. ‘A Dimension-free Computational Upper-bound
for Smooth Optimal Transport Estimation’. In: COLT 2021 - 34th Annual Conference on Learning Theory.
Boulder, United States, 15th Aug. 2021. URL: https://hal.archives-ouvertes.fr/hal-03454237.

Scientific book chapters

[11] Y. De Castro, V. Duval and R. Petit. ‘Towards Off-the-grid Algorithms for Total Variation Regularized
Inverse Problems’. In: Scale Space and Variational Methods in Computer Vision. Vol. 12679. Lecture
Notes in Computer Sciences. Springer, Cham, 30th Apr. 2021, pp. 553–564. DOI: 10.1007/978-3-030-7
5549-2_44. URL: https://hal.inria.fr/hal-03196916.

Doctoral dissertations and habilitation theses

[12] G. Rukhaia. ‘A FreeForm Optics Application of Entropic Optimal Transport’. PSL Université Paris
Dauphine; INRIA Paris, 23rd Nov. 2021. URL: https://hal.archives-ouvertes.fr/tel-03447718.

[13] G. Todeschi. ‘Finite volume approximation of optimal transport and Wasserstein gradient flows’. PSL
Université Paris Dauphine, 13th Dec. 2021. URL: https://hal.archives-ouvertes.fr/tel-035005
66.

[14] M. Yu. ‘Entropic Unbalanced Optimal Transport: Application to Full-Waveform Inversion and Numerical
Illustration’. Université de Paris, 17th Dec. 2021. URL: https://hal.inria.fr/tel-03512143.

Reports & preprints

[15] X. Bacon, G. G. CARLIER and B. Nazaret. A spatial Pareto exchange economy problem. 16th Dec. 2021.
URL: https://hal.archives-ouvertes.fr/hal-03480323.

[16] J.-D. Benamou, G. Chazareix, W. L. Ijzerman and G. Rukhaia. Point Source Regularization of the Finite
Source Reflector Problem. 15th Sept. 2021. URL: https://hal.inria.fr/hal-03344571.

[17] M. Bonforte, J. Dolbeault, B. Nazaret and N. Simonov. Stability in Gagliardo-Nirenberg-Sobolev inequali-
ties: flows, regularity and the entropy method. 29th Apr. 2021. URL: https://hal.archives-ouvertes
.fr/hal-02887010.

[18] G. Carlier. On the linear convergence of the multi-marginal Sinkhorn algorithm. 22nd Mar. 2021. URL:
https://hal.archives-ouvertes.fr/hal-03176512.

[19] G. Carlier, A. Dupuy, A. Galichon and Y. Sun. SISTA: learning optimal transport costs under sparsity
constraints. 28th Dec. 2021. URL: https://hal.archives-ouvertes.fr/hal-03504045.

[20] G. Carlier, G. Friesecke and D. Vögler. Convex geometry of finite exchangeable laws and de Finetti style
representation with universal correlated corrections. 28th Dec. 2021. URL: https://hal.archives-ouv
ertes.fr/hal-03504025.

[21] A. Chambolle and R. Tovey. "FISTA" in Banach spaces with adaptive discretisations. 25th Jan. 2021. URL:
https://hal.inria.fr/hal-03119773.

[22] Y. De Castro, V. Duval and R. Petit. Towards Off-the-grid Algorithms for Total Variation Regularized Inverse
Problems. 9th Nov. 2021. URL: https://hal.inria.fr/hal-03406710.

[23] A. Monteil and P. Pegon. Mass concentration in rescaled first order integral functionals. 7th Jan. 2022. URL:
https://hal.archives-ouvertes.fr/hal-03517074.

25

https://hal.archives-ouvertes.fr/hal-03505659
https://hal.archives-ouvertes.fr/hal-03505664
https://hal.archives-ouvertes.fr/hal-03505664
https://hal.archives-ouvertes.fr/hal-03454237
https://doi.org/10.1007/978-3-030-75549-2_44
https://doi.org/10.1007/978-3-030-75549-2_44
https://hal.inria.fr/hal-03196916
https://hal.archives-ouvertes.fr/tel-03447718
https://hal.archives-ouvertes.fr/tel-03500566
https://hal.archives-ouvertes.fr/tel-03500566
https://hal.inria.fr/tel-03512143
https://hal.archives-ouvertes.fr/hal-03480323
https://hal.inria.fr/hal-03344571
https://hal.archives-ouvertes.fr/hal-02887010
https://hal.archives-ouvertes.fr/hal-02887010
https://hal.archives-ouvertes.fr/hal-03176512
https://hal.archives-ouvertes.fr/hal-03504045
https://hal.archives-ouvertes.fr/hal-03504025
https://hal.archives-ouvertes.fr/hal-03504025
https://hal.inria.fr/hal-03119773
https://hal.inria.fr/hal-03406710
https://hal.archives-ouvertes.fr/hal-03517074


[24] B. Muzellec, A. Vacher, F. Bach, F.-X. Vialard and A. Rudi. Near-optimal estimation of smooth transport
maps with kernel sums-of-squares. 3rd Dec. 2021. URL: https://hal.archives-ouvertes.fr/hal-0
3466696.

[25] A. Sportisse, C. Biernacki, C. Boyer, J. Josse, M. Marbac Lourdelle, G. Celeux and F. Laporte. Model-based
Clustering with Missing Not At Random Data. 17th Dec. 2021. URL: https://hal.archives-ouverte
s.fr/hal-03494674.

[26] R. Tovey and V. Duval. Dynamical Programming for off-the-grid dynamic Inverse Problems. 21st Dec.
2021. URL: https://hal.inria.fr/hal-03500048.

[27] A. Vacher and F.-X. Vialard. Convex transport potential selection with semi-dual criterion. 13th Dec. 2021.
URL: https://hal.archives-ouvertes.fr/hal-03475455.

[28] I. Waldspurger. Lecture notes on non-convex algorithms for low-rank matrix recovery. 24th May 2021.
URL: https://hal.archives-ouvertes.fr/hal-03233258.

8.2 Cited publications

[29] I. Abraham, R. Abraham, M. Bergounioux and G. Carlier. ‘Tomographic reconstruction from a few views:
a multi-marginal optimal transport approach’. In: Preprint Hal-01065981 (2014).

[30] Y. Achdou and V. Perez. ‘Iterative strategies for solving linearized discrete mean field games systems’. In:
Netw. Heterog. Media 7.2 (2012), pp. 197–217. DOI: 10.3934/nhm.2012.7.197. URL: http://dx.doi
.org/10.3934/nhm.2012.7.197.

[31] M. Agueh and G. Carlier. ‘Barycenters in the Wasserstein space’. In: SIAM J. Math. Anal. 43.2 (2011),
pp. 904–924.

[32] F. Alter, V. Caselles and A. Chambolle. ‘Evolution of Convex Sets in the Plane by Minimizing the Total
Variation Flow’. In: Interfaces and Free Boundaries 332 (2005), pp. 329–366.

[33] F. R. Bach. ‘Consistency of the Group Lasso and Multiple Kernel Learning’. In: J. Mach. Learn. Res. 9 (June
2008), pp. 1179–1225. URL: http://dl.acm.org/citation.cfm?id=1390681.1390721.

[34] F. R. Bach. ‘Consistency of Trace Norm Minimization’. In: J. Mach. Learn. Res. 9 (June 2008), pp. 1019–
1048. URL: http://dl.acm.org/citation.cfm?id=1390681.1390716.

[35] H. H. Bauschke and P. L. Combettes. ‘A Dykstra-like algorithm for two monotone operators’. In: Pacific
Journal of Optimization 4.3 (2008), pp. 383–391.

[36] M. F. Beg, M. I. Miller, A. Trouvé and L. Younes. ‘Computing Large Deformation Metric Mappings via
Geodesic Flows of Diffeomorphisms’. In: International Journal of Computer Vision 61.2 (Feb. 2005),
pp. 139–157. URL: http://dx.doi.org/10.1023/B:VISI.0000043755.93987.aa.

[37] M. Beiglbock, P. Henry-Labordère and F. Penkner. ‘Model-independent bounds for option prices mass
transport approach’. English. In: Finance and Stochastics 17.3 (2013), pp. 477–501. DOI: 10.1007/s0078
0-013-0205-8. URL: http://dx.doi.org/10.1007/s00780-013-0205-8.

[38] J.-D. Benamou and Y. Brenier. ‘A computational fluid mechanics solution to the Monge-Kantorovich
mass transfer problem’. In: Numer. Math. 84.3 (2000), pp. 375–393. DOI: 10.1007/s002110050002. URL:
http://dx.doi.org/10.1007/s002110050002.

[39] J.-D. Benamou and Y. Brenier. ‘Weak existence for the semigeostrophic equations formulated as a
coupled Monge-Ampère/transport problem’. In: SIAM J. Appl. Math. 58.5 (1998), pp. 1450–1461.

[40] J.-D. Benamou and G. Carlier. ‘Augmented Lagrangian algorithms for variational problems with diver-
gence constraints’. In: JOTA (2015).

[41] J.-D. Benamou, G. Carlier and N. Bonne. An Augmented Lagrangian Numerical approach to solving
Mean-Fields Games. Français. Rapport de recherche. INRIA, Dec. 2013, p. 30. URL: http://hal.inria
.fr/hal-00922349.

[42] J.-D. Benamou, G. Carlier, M. Cuturi, L. Nenna and G. Peyré. ‘Iterative Bregman Projections for Regular-
ized Transportation Problems’. In: SIAM J. Sci. Comp. (2015). to appear.

[43] J.-D. Benamou, G. Carlier, Q. Mérigot and É. Oudet. Discretization of functionals involving the Monge-
Ampère operator. Tech. rep. HAL, July 2014. URL: https://hal.archives-ouvertes.fr/hal-01056
452.

26

https://hal.archives-ouvertes.fr/hal-03466696
https://hal.archives-ouvertes.fr/hal-03466696
https://hal.archives-ouvertes.fr/hal-03494674
https://hal.archives-ouvertes.fr/hal-03494674
https://hal.inria.fr/hal-03500048
https://hal.archives-ouvertes.fr/hal-03475455
https://hal.archives-ouvertes.fr/hal-03233258
https://doi.org/10.3934/nhm.2012.7.197
http://dx.doi.org/10.3934/nhm.2012.7.197
http://dx.doi.org/10.3934/nhm.2012.7.197
http://dl.acm.org/citation.cfm?id=1390681.1390721
http://dl.acm.org/citation.cfm?id=1390681.1390716
http://dx.doi.org/10.1023/B:VISI.0000043755.93987.aa
https://doi.org/10.1007/s00780-013-0205-8
https://doi.org/10.1007/s00780-013-0205-8
http://dx.doi.org/10.1007/s00780-013-0205-8
https://doi.org/10.1007/s002110050002
http://dx.doi.org/10.1007/s002110050002
http://hal.inria.fr/hal-00922349
http://hal.inria.fr/hal-00922349
https://hal.archives-ouvertes.fr/hal-01056452
https://hal.archives-ouvertes.fr/hal-01056452


[44] J.-D. Benamou, F. Collino and J.-M. Mirebeau. ‘Monotone and Consistent discretization of the Monge-
Ampère operator’. In: arXiv preprint arXiv:1409.6694 (2014). to appear in Math of Comp.

[45] J.-D. Benamou, B. D. Froese and A. Oberman. ‘Two numerical methods for the elliptic Monge-Ampère
equation’. In: M2AN Math. Model. Numer. Anal. 44.4 (2010), pp. 737–758.

[46] J.-D. Benamou, B. D. Froese and A. Oberman. ‘Numerical solution of the optimal transportation problem
using the Monge–Ampere equation’. In: Journal of Computational Physics 260 (2014), pp. 107–126.

[47] F. Benmansour, G. Carlier, G. Peyré and F. Santambrogio. ‘Numerical approximation of continuous traffic
congestion equilibria’. In: Netw. Heterog. Media 4.3 (2009), pp. 605–623.

[48] M. Benning and M. Burger. ‘Ground states and singular vectors of convex variational regularization
methods’. In: Meth. Appl. Analysis 20 (2013), pp. 295–334.

[49] B. Berkels, A. Effland and M. Rumpf. ‘Time discrete geodesic paths in the space of images’. In: Arxiv
preprint (2014).

[50] J. Bigot and T. Klein. ‘Consistent estimation of a population barycenter in the Wasserstein space’. In:
Preprint arXiv:1212.2562 (2012).

[51] A. Blanchet and P. Laurençot. ‘The parabolic-parabolic Keller-Segel system with critical diffusion as
a gradient flow in Rd , d ≥ 3’. In: Comm. Partial Differential Equations 38.4 (2013), pp. 658–686. DOI:
10.1080/03605302.2012.757705. URL: http://dx.doi.org/10.1080/03605302.2012.757705.

[52] J. Bleyer, G. Carlier, V. Duval, J.-M. Mirebeau and G. Peyré. ‘A Γ Convergence Result for the Upper Bound
Limit Analysis of Plates’. en. In: ESAIM: Mathematical Modelling and Numerical Analysis 50.1 (Jan. 2016),
pp. 215–235. DOI: 10.1051/m2an/2015040. URL: https://www.esaim-m2an.org/articles/m2an
/abs/2016/01/m2an141087/m2an141087.html (visited on 04/01/2019).

[53] N. Bonneel, J. Rabin, G. Peyré and H. Pfister. ‘Sliced and Radon Wasserstein Barycenters of Measures’.
In: Journal of Mathematical Imaging and Vision 51.1 (2015), pp. 22–45. URL: http://hal.archives-o
uvertes.fr/hal-00881872/.

[54] U. Boscain, R. Chertovskih, J.-P. Gauthier, D. Prandi and A. Remizov. Highly corrupted image inpainting
through hypoelliptic diffusion. Tech. rep. Preprint CMAP, 2014. URL: http://hal.archives-ouverte
s.fr/hal-00842603/.

[55] G. Bouchitté and G. Buttazzo. ‘Characterization of optimal shapes and masses through Monge-Kantorovich
equation’. In: J. Eur. Math. Soc. (JEMS) 3.2 (2001), pp. 139–168. DOI: 10.1007/s100970000027. URL:
http://dx.doi.org/10.1007/s100970000027.

[56] L. Brasco, G. Carlier and F. Santambrogio. ‘Congested traffic dynamics, weak flows and very degenerate
elliptic equations’. In: J. Math. Pures Appl. (9) 93.6 (2010), pp. 652–671.

[57] L. M. Bregman. ‘The relaxation method of finding the common point of convex sets and its applica-
tion to the solution of problems in convex programming’. In: USSR computational mathematics and
mathematical physics 7.3 (1967), pp. 200–217.

[58] Y. Brenier. ‘Décomposition polaire et réarrangement monotone des champs de vecteurs’. In: C. R. Acad.
Sci. Paris Sér. I Math. 305.19 (1987), pp. 805–808.

[59] Y. Brenier. ‘Generalized solutions and hydrostatic approximation of the Euler equations’. In: Phys. D
237.14-17 (2008), pp. 1982–1988. DOI: 10.1016/j.physd.2008.02.026. URL: http://dx.doi.org/1
0.1016/j.physd.2008.02.026.

[60] Y. Brenier. ‘Polar factorization and monotone rearrangement of vector-valued functions’. In: Comm.
Pure Appl. Math. 44.4 (1991), pp. 375–417. DOI: 10.1002/cpa.3160440402. URL: http://dx.doi.org
/10.1002/cpa.3160440402.

[61] Y. Brenier, U. Frisch, M. Henon, G. Loeper, S. Matarrese, R. Mohayaee and A. Sobolevski. ‘Reconstruction
of the early universe as a convex optimization problem’. In: Mon. Not. Roy. Astron. Soc. 346 (2003),
pp. 501–524. URL: http://arxiv.org/pdf/astro-ph/0304214.pdf.

[62] M. Bruveris, L. Risser and F.-X. Vialard. ‘Mixture of Kernels and Iterated Semidirect Product of Diffeo-
morphisms Groups’. In: Multiscale Modeling & Simulation 10.4 (2012), pp. 1344–1368.

[63] M. Burger, M. DiFrancesco, P. Markowich and M. T. Wolfram. ‘Mean field games with nonlinear mobilities
in pedestrian dynamics’. In: DCDS B 19 (2014).

27

https://doi.org/10.1080/03605302.2012.757705
http://dx.doi.org/10.1080/03605302.2012.757705
https://doi.org/10.1051/m2an/2015040
https://www.esaim-m2an.org/articles/m2an/abs/2016/01/m2an141087/m2an141087.html
https://www.esaim-m2an.org/articles/m2an/abs/2016/01/m2an141087/m2an141087.html
http://hal.archives-ouvertes.fr/hal-00881872/
http://hal.archives-ouvertes.fr/hal-00881872/
http://hal.archives-ouvertes.fr/hal-00842603/
http://hal.archives-ouvertes.fr/hal-00842603/
https://doi.org/10.1007/s100970000027
http://dx.doi.org/10.1007/s100970000027
https://doi.org/10.1016/j.physd.2008.02.026
http://dx.doi.org/10.1016/j.physd.2008.02.026
http://dx.doi.org/10.1016/j.physd.2008.02.026
https://doi.org/10.1002/cpa.3160440402
http://dx.doi.org/10.1002/cpa.3160440402
http://dx.doi.org/10.1002/cpa.3160440402
http://arxiv.org/pdf/astro-ph/0304214.pdf


[64] M. Burger, M. Franek and C. Schonlieb. ‘Regularized regression and density estimation based on optimal
transport’. In: Appl. Math. Res. Expr. 2 (2012), pp. 209–253.

[65] M. Burger and S. Osher. ‘A guide to the TV zoo’. In: Level-Set and PDE-based Reconstruction Methods,
Springer (2013).

[66] G. Buttazzo, C. Jimenez and É. Oudet. ‘An optimization problem for mass transportation with congested
dynamics’. In: SIAM J. Control Optim. 48.3 (2009), pp. 1961–1976.

[67] H. Byrne and D. Drasdo. ‘Individual-based and continuum models of growing cell populations: a
comparison’. English. In: Journal of Mathematical Biology 58.4-5 (2009), pp. 657–687.

[68] L. A. Caffarelli. ‘The regularity of mappings with a convex potential’. In: J. Amer. Math. Soc. 5.1 (1992),
pp. 99–104. DOI: 10.2307/2152752. URL: http://dx.doi.org/10.2307/2152752.

[69] L. A. Caffarelli, S. A. Kochengin and V. Oliker. ‘On the numerical solution of the problem of reflector
design with given far-field scattering data’. In: Monge Ampère equation: applications to geometry and
optimization (Deerfield Beach, FL, 1997). Vol. 226. Contemp. Math. Providence, RI: Amer. Math. Soc., 1999,
pp. 13–32. DOI: 10.1090/conm/226/03233. URL: http://dx.doi.org/10.1090/conm/226/03233.

[70] C. CanCeritoglu. ‘Computational Analysis of LDDMM for Brain Mapping’. In: Frontiers in Neuroscience 7
(2013).

[71] E. Candes and M. Wakin. ‘An Introduction to Compressive Sensing’. In: IEEE Signal Processing Magazine
25.2 (2008), pp. 21–30.

[72] E. J. Candès and C. Fernandez-Granda. ‘Super-Resolution from Noisy Data’. In: Journal of Fourier
Analysis and Applications 19.6 (2013), pp. 1229–1254.

[73] E. J. Candès and C. Fernandez-Granda. ‘Towards a Mathematical Theory of Super-Resolution’. In:
Communications on Pure and Applied Mathematics 67.6 (2014), pp. 906–956.

[74] P. Cardaliaguet, G. Carlier and B. Nazaret. ‘Geodesics for a class of distances in the space of probability
measures’. In: Calc. Var. Partial Differential Equations 48.3-4 (2013), pp. 395–420.

[75] G. Carlier. ‘A general existence result for the principal-agent problem with adverse selection’. In: J. Math.
Econom. 35.1 (2001), pp. 129–150.

[76] G. Carlier, V. Chernozhukov and A. Galichon. Vector Quantile Regression. Tech. rep. Arxiv 1406.4643,
2014.

[77] G. Carlier, M. Comte, I. Ionescu and G. Peyré. ‘A Projection Approach to the Numerical Analysis of Limit
Load Problems’. In: Mathematical Models and Methods in Applied Sciences 21.6 (2011), pp. 1291–1316.
DOI: doi:10.1142/S0218202511005325. URL: http://hal.archives-ouvertes.fr/hal-004500
00/.

[78] G. Carlier and X. Dupuis. An iterated projection approach to variational problems under generalized
convexity constraints and applications. Tech. rep. In preparation, 2015.

[79] G. Carlier, C. Jimenez and F. Santambrogio. ‘Optimal Transportation with Traffic Congestion and Wardrop
Equilibria’. In: SIAM Journal on Control and Optimization 47.3 (2008), pp. 1330–1350.

[80] G. Carlier, T. Lachand-Robert and B. Maury. ‘A numerical approach to variational problems subject
to convexity constraint’. In: Numer. Math. 88.2 (2001), pp. 299–318. DOI: 10.1007/PL00005446. URL:
http://dx.doi.org/10.1007/PL00005446.

[81] G. Carlier, A. Oberman and É. Oudet. ‘Numerical methods for matching for teams and Wasserstein
barycenters’. In: M2AN (2015). to appear.

[82] J. A. Carrillo, S. Lisini and E. Mainini. ‘Uniqueness for Keller-Segel-type chemotaxis models’. In: Discrete
Contin. Dyn. Syst. 34.4 (2014), pp. 1319–1338. DOI: 10.3934/dcds.2014.34.1319. URL: http://dx.do
i.org/10.3934/dcds.2014.34.1319.

[83] V. Caselles, A. Chambolle and M. Novaga. ‘The discontinuity set of solutions of the TV denoising problem
and some extensions’. In: Multiscale Modeling and Simulation 6.3 (2007), pp. 879–894.

[84] F. A. C. C. Chalub, P. A. Markowich, B. Perthame and C. Schmeiser. ‘Kinetic models for chemotaxis and
their drift-diffusion limits’. In: Monatsh. Math. 142.1-2 (2004), pp. 123–141. DOI: 10.1007/s00605-004-
0234-7. URL: http://dx.doi.org/10.1007/s00605-004-0234-7.

28

https://doi.org/10.2307/2152752
http://dx.doi.org/10.2307/2152752
https://doi.org/10.1090/conm/226/03233
http://dx.doi.org/10.1090/conm/226/03233
https://doi.org/doi:10.1142/S0218202511005325
http://hal.archives-ouvertes.fr/hal-00450000/
http://hal.archives-ouvertes.fr/hal-00450000/
https://doi.org/10.1007/PL00005446
http://dx.doi.org/10.1007/PL00005446
https://doi.org/10.3934/dcds.2014.34.1319
http://dx.doi.org/10.3934/dcds.2014.34.1319
http://dx.doi.org/10.3934/dcds.2014.34.1319
https://doi.org/10.1007/s00605-004-0234-7
https://doi.org/10.1007/s00605-004-0234-7
http://dx.doi.org/10.1007/s00605-004-0234-7


[85] A. Chambolle and T. Pock. ‘On the ergodic convergence rates of a first-order primal-dual algorithm’. In:
Preprint OO/2014/09/4532 (2014).

[86] G. Charpiat, G. Nardi, G. Peyré and F.-X. Vialard. Finsler Steepest Descent with Applications to Piecewise-
regular Curve Evolution. Tech. rep. Preprint hal-00849885, 2013. URL: http://hal.archives-ouverte
s.fr/hal-00849885/.

[87] S. S. Chen, D. L. Donoho and M. A. Saunders. ‘Atomic decomposition by basis pursuit’. In: SIAM journal
on scientific computing 20.1 (1999), pp. 33–61.

[88] P. Choné and H. V. J. Le Meur. ‘Non-convergence result for conformal approximation of variational
problems subject to a convexity constraint’. In: Numer. Funct. Anal. Optim. 22.5-6 (2001), pp. 529–547.
DOI: 10.1081/NFA-100105306. URL: http://dx.doi.org/10.1081/NFA-100105306.

[89] C. Cotar, G. Friesecke and C. Kluppelberg. ‘Density Functional Theory and Optimal Transportation with
Coulomb Cost’. In: Communications on Pure and Applied Mathematics 66.4 (2013), pp. 548–599. DOI:
10.1002/cpa.21437. URL: http://dx.doi.org/10.1002/cpa.21437.

[90] M. J. P. Cullen, W. Gangbo and G. Pisante. ‘The semigeostrophic equations discretized in reference and
dual variables’. In: Arch. Ration. Mech. Anal. 185.2 (2007), pp. 341–363. DOI: 10.1007/s00205-006-004
0-6. URL: http://dx.doi.org/10.1007/s00205-006-0040-6.

[91] M. J. P. Cullen, J. Norbury and R. J. Purser. ‘Generalised Lagrangian solutions for atmospheric and
oceanic flows’. In: SIAM J. Appl. Math. 51.1 (1991), pp. 20–31.

[92] M. Cuturi. ‘Sinkhorn Distances: Lightspeed Computation of Optimal Transport’. In: Proc. NIPS. Ed. by
C. J. C. Burges, L. Bottou, Z. Ghahramani and K. Q. Weinberger. 2013, pp. 2292–2300.

[93] E. J. Dean and R. Glowinski. ‘Numerical methods for fully nonlinear elliptic equations of the Monge-
Ampère type’. In: Comput. Methods Appl. Mech. Engrg. 195.13-16 (2006), pp. 1344–1386.

[94] V. Duval and G. Peyré. ‘Exact Support Recovery for Sparse Spikes Deconvolution’. English. In: Foundations
of Computational Mathematics (2014), pp. 1–41. DOI: 10.1007/s10208-014-9228-6. URL: http://dx
.doi.org/10.1007/s10208-014-9228-6.

[95] V. Duval and G. Peyré. ‘Sparse regularization on thin grids I: the L asso’. en. In: Inverse Problems 33.5
(2017), p. 055008. DOI: 10.1088/1361-6420/aa5e12. URL: http://stacks.iop.org/0266-5611/33
/i=5/a=055008 (visited on 24/05/2018).

[96] J. Fehrenbach and J.-M. Mirebeau. ‘Sparse Non-negative Stencils for Anisotropic Diffusion’. English. In:
Journal of Mathematical Imaging and Vision 49.1 (2014), pp. 123–147. URL: http://dx.doi.org/10.1
007/s10851-013-0446-3.

[97] C. Fernandez-Granda. ‘Support detection in super-resolution’. In: Proc. Proceedings of the 10th Interna-
tional Conference on Sampling Theory and Applications (2013), pp. 145–148.

[98] A. Figalli, R. McCann and Y. Kim. ‘When is multi-dimensional screening a convex program?’ In: Journal
of Economic Theory (2011).

[99] J.-B. Fiot, H. Raguet, L. Risser, L. D. Cohen, J. Fripp and F.-X. Vialard. ‘Longitudinal deformation models,
spatial regularizations and learning strategies to quantify Alzheimer’s disease progression’. In: NeuroIm-
age: Clinical 4.0 (2014), pp. 718–729. DOI: http://dx.doi.org/10.1016/j.nicl.2014.02.002. URL:
http://www.sciencedirect.com/science/article/pii/S2213158214000205.

[100] J.-B. Fiot, L. Risser, L. D. Cohen, J. Fripp and F.-X. Vialard. ‘Local vs Global Descriptors of Hippocampus
Shape Evolution for Alzheimer’s Longitudinal Population Analysis’. English. In: Spatio-temporal Image
Analysis for Longitudinal and Time-Series Image Data. Vol. 7570. Lecture Notes in Computer Science.
Springer Berlin Heidelberg, 2012, pp. 13–24. DOI: 10.1007/978-3-642-33555-6\_2. URL: http://dx
.doi.org/10.1007/978-3-642-33555-6%5C_2.

[101] U. Frisch, S. Matarrese, R. Mohayaee and A. Sobolevski. ‘Monge-Ampère-Kantorovitch (MAK) recon-
struction of the eary universe’. In: Nature 417.260 (2002).

[102] B. D. Froese and A. Oberman. ‘Convergent filtered schemes for the Monge-Ampère partial differential
equation’. In: SIAM J. Numer. Anal. 51.1 (2013), pp. 423–444.

[103] A. Galichon, P. Henry-Labordère and N. Touzi. ‘A stochastic control approach to No-Arbitrage bounds
given marginals, with an application to Loopback options’. In: submitted to Annals of Applied Probability
(2011).

29

http://hal.archives-ouvertes.fr/hal-00849885/
http://hal.archives-ouvertes.fr/hal-00849885/
https://doi.org/10.1081/NFA-100105306
http://dx.doi.org/10.1081/NFA-100105306
https://doi.org/10.1002/cpa.21437
http://dx.doi.org/10.1002/cpa.21437
https://doi.org/10.1007/s00205-006-0040-6
https://doi.org/10.1007/s00205-006-0040-6
http://dx.doi.org/10.1007/s00205-006-0040-6
https://doi.org/10.1007/s10208-014-9228-6
http://dx.doi.org/10.1007/s10208-014-9228-6
http://dx.doi.org/10.1007/s10208-014-9228-6
https://doi.org/10.1088/1361-6420/aa5e12
http://stacks.iop.org/0266-5611/33/i=5/a=055008
http://stacks.iop.org/0266-5611/33/i=5/a=055008
http://dx.doi.org/10.1007/s10851-013-0446-3
http://dx.doi.org/10.1007/s10851-013-0446-3
https://doi.org/http://dx.doi.org/10.1016/j.nicl.2014.02.002
http://www.sciencedirect.com/science/article/pii/S2213158214000205
https://doi.org/10.1007/978-3-642-33555-6\_2
http://dx.doi.org/10.1007/978-3-642-33555-6%5C_2
http://dx.doi.org/10.1007/978-3-642-33555-6%5C_2


[104] W. Gangbo and R. McCann. ‘The geometry of optimal transportation’. In: Acta Math. 177.2 (1996),
pp. 113–161. DOI: 10.1007/BF02392620. URL: http://dx.doi.org/10.1007/BF02392620.

[105] E. Ghys. ‘Gaspard Monge, Le mémoire sur les déblais et les remblais’. In: Image des mathématiques,
CNRS (2012). URL: http://images.math.cnrs.fr/Gaspard-Monge,1094.html.

[106] O. Guéant, J.-M. Lasry and P.-L. Lions. ‘Mean field games and applications’. In: Paris-Princeton Lectures
on Mathematical Finance 2010. Vol. 2003. Lecture Notes in Math. Berlin: Springer, 2011, pp. 205–266.
DOI: 10.1007/978-3-642-14660-2\_3. URL: http://dx.doi.org/10.1007/978-3-642-14660-2
%5C_3.

[107] G. Herman. Image reconstruction from projections: the fundamentals of computerized tomography.
Academic Press, 1980.

[108] D. D. Holm, J. T. Ratnanather, A. Trouvé and L. Younes. ‘Soliton dynamics in computational anatomy’.
In: NeuroImage 23 (2004), S170–S178.

[109] B. J. Hoskins. ‘The mathematical theory of frontogenesis’. In: Annual review of fluid mechanics, Vol. 14.
Palo Alto, CA: Annual Reviews, 1982, pp. 131–151.

[110] W. Jäger and S. Luckhaus. ‘On explosions of solutions to a system of partial differential equations
modelling chemotaxis’. In: Trans. Amer. Math. Soc. 329.2 (1992), pp. 819–824. DOI: 10.2307/2153966.
URL: http://dx.doi.org/10.2307/2153966.

[111] R. Jordan, D. Kinderlehrer and F. Otto. ‘The variational formulation of the Fokker-Planck equation’. In:
SIAM J. Math. Anal. 29.1 (1998), pp. 1–17.

[112] L. Kantorovitch. ‘On the translocation of masses’. In: C. R. (Doklady) Acad. Sci. URSS (N.S.) 37 (1942),
pp. 199–201.

[113] E. Klann. ‘A Mumford-Shah-Like Method for Limited Data Tomography with an Application to Electron
Tomography’. In: SIAM J. Imaging Sciences 4.4 (2011), pp. 1029–1048.

[114] J.-M. Lasry and P.-L. Lions. ‘Mean field games’. In: Jpn. J. Math. 2.1 (2007), pp. 229–260. DOI: 10.1007/s
11537-007-0657-8. URL: http://dx.doi.org/10.1007/s11537-007-0657-8.

[115] J. Lasserre. ‘Global Optimization with Polynomials and the Problem of Moments’. In: SIAM Journal on
Optimization 11.3 (2001), pp. 796–817.

[116] J. Lellmann, D. A. Lorenz, C.-B. Schönlieb and T. Valkonen. ‘Imaging with Kantorovich-Rubinstein
Discrepancy’. In: SIAM J. Imaging Sciences 7.4 (2014), pp. 2833–2859.

[117] C. Léonard. ‘A survey of the Schrödinger problem and some of its connections with optimal transport’.
In: Discrete Contin. Dyn. Syst. 34.4 (2014), pp. 1533–1574. DOI: 10.3934/dcds.2014.34.1533. URL:
http://dx.doi.org/10.3934/dcds.2014.34.1533.

[118] A. S. Lewis. ‘Active sets, nonsmoothness, and sensitivity’. In: SIAM Journal on Optimization 13.3 (2003),
pp. 702–725.

[119] B. Li, F. Habbal and M. Ortiz. ‘Optimal transportation meshfree approximation schemes for Fluid and
plastic Flows’. In: Int. J. Numer. Meth. Engng 83:1541–579 83 (2010), pp. 1541–1579.

[120] G. Loeper. ‘A fully nonlinear version of the incompressible Euler equations: the semigeostrophic system’.
In: SIAM J. Math. Anal. 38.3 (2006), 795–823 (electronic).

[121] G. Loeper and F. Rapetti. ‘Numerical solution of the Monge-Ampére equation by a Newton’s algorithm’.
In: C. R. Math. Acad. Sci. Paris 340.4 (2005), pp. 319–324.

[122] D. Lombardi and E. Maitre. ‘Eulerian models and algorithms for unbalanced optimal transport’. In:
Preprint hal-00976501 (2013).

[123] J. Maas, M. Rumpf, C. Schonlieb and S. Simon. ‘A generalized model for optimal transport of images
including dissipation and density modulation’. In: Arxiv preprint (2014).

[124] S. G. Mallat. A wavelet tour of signal processing. Third. Elsevier/Academic Press, Amsterdam, 2009.

[125] B. Maury, A. Roudneff-Chupin and F. Santambrogio. ‘A macroscopic crowd motion model of gradient
flow type’. In: Math. Models Methods Appl. Sci. 20.10 (2010), pp. 1787–1821. DOI: 10.1142/S021820251
0004799. URL: http://dx.doi.org/10.1142/S0218202510004799.

30

https://doi.org/10.1007/BF02392620
http://dx.doi.org/10.1007/BF02392620
http://images.math.cnrs.fr/Gaspard-Monge,1094.html
https://doi.org/10.1007/978-3-642-14660-2\_3
http://dx.doi.org/10.1007/978-3-642-14660-2%5C_3
http://dx.doi.org/10.1007/978-3-642-14660-2%5C_3
https://doi.org/10.2307/2153966
http://dx.doi.org/10.2307/2153966
https://doi.org/10.1007/s11537-007-0657-8
https://doi.org/10.1007/s11537-007-0657-8
http://dx.doi.org/10.1007/s11537-007-0657-8
https://doi.org/10.3934/dcds.2014.34.1533
http://dx.doi.org/10.3934/dcds.2014.34.1533
https://doi.org/10.1142/S0218202510004799
https://doi.org/10.1142/S0218202510004799
http://dx.doi.org/10.1142/S0218202510004799


[126] Q. Mérigot. ‘A multiscale approach to optimal transport’. In: Computer Graphics Forum 30.5 (2011),
pp. 1583–1592.

[127] Q. Mérigot and É. Oudet. ‘Handling Convexity-Like Constraints in Variational Problems’. In: SIAM J.
Numer. Anal. 52.5 (2014), pp. 2466–2487.

[128] M. I. Miller, A. Trouvé and L. Younes. ‘Geodesic Shooting for Computational Anatomy’. In: Journal of
Mathematical Imaging and Vision 24.2 (Mar. 2006), pp. 209–228. URL: http://dx.doi.org/10.1007
/s10851-005-3624-0.

[129] J.-M. Mirebeau. ‘Adaptive, Anisotropic and Hierarchical cones of Discrete Convex functions’. In: Preprint
(2014).

[130] J.-M. Mirebeau. ‘Anisotropic Fast-Marching on Cartesian Grids Using Lattice Basis Reduction’. In: SIAM
Journal on Numerical Analysis 52.4 (2014), pp. 1573–1599.

[131] N. Papadakis, G. Peyré and É. Oudet. ‘Optimal Transport with Proximal Splitting’. In: SIAM Journal on
Imaging Sciences 7.1 (2014), pp. 212–238. DOI: 10.1137/130920058. URL: http://hal.archives-ouv
ertes.fr/hal-00816211/.

[132] B. Pass. ‘Uniqueness and Monge Solutions in the Multimarginal Optimal Transportation Problem’. In:
SIAM Journal on Mathematical Analysis 43.6 (2011), pp. 2758–2775.

[133] B. Pass and N. Ghoussoub. ‘Optimal transport: From moving soil to same-sex marriage’. In: CMS Notes
45 (2013), pp. 14–15.

[134] B. Perthame, F. Quiros and J. L. Vazquez. ‘The Hele-Shaw Asymptotics for Mechanical Models of Tumor
Growth’. English. In: Archive for Rational Mechanics and Analysis 212.1 (2014), pp. 93–127. DOI: 10.1007
/s00205-013-0704-y. URL: http://dx.doi.org/10.1007/s00205-013-0704-y.

[135] J. Petitot. ‘The neurogeometry of pinwheels as a sub-riemannian contact structure’. In: Journal of
Physiology-Paris 97.23 (2003), pp. 265–309.

[136] G. Peyré. ‘Texture Synthesis with Grouplets’. In: Pattern Analysis and Machine Intelligence, IEEE Transac-
tions on 32.4 (Apr. 2010), pp. 733–746.

[137] B. Piccoli and F. Rossi. ‘Generalized Wasserstein distance and its application to transport equations with
source’. In: Archive for Rational Mechanics and Analysis 211.1 (2014), pp. 335–358.

[138] C. Poon. ‘Structure dependent sampling in compressed sensing: theoretical guarantees for tight frames’.
In: Applied and Computational Harmonic Analysis (2015).

[139] H. Raguet, J. Fadili and G. Peyré. ‘A Generalized Forward-Backward Splitting’. In: SIAM Journal on
Imaging Sciences 6.3 (2013), pp. 1199–1226. DOI: 10.1137/120872802. URL: http://hal.archives-o
uvertes.fr/hal-00613637/.

[140] J.-C. Rochet and P. Choné. ‘Ironing, Sweeping and multi-dimensional screening’. In: Econometrica
(1998).

[141] L. Rudin, S. Osher and E. Fatemi. ‘Nonlinear total variation based noise removal algorithms’. In: Physica
D: Nonlinear Phenomena 60.1 (1992), pp. 259–268. URL: http://dx.doi.org/10.1016/0167-2789(9
2)90242-F.

[142] O. Scherzer, M. Grasmair, H. Grossauer, M. Haltmeier and F. Lenzen. Variational Methods in Imaging.
Springer, 2008.

[143] T. Schmah, L. Risser and F.-X. Vialard. ‘Left-Invariant Metrics for Diffeomorphic Image Registration with
Spatially-Varying Regularisation’. In: MICCAI (1). 2013, pp. 203–210.

[144] T. Schmah, L. Risser and F.-X. Vialard. ‘Diffeomorphic image matching with left-invariant metrics’. In:
Fields Institute Communications series, special volume in memory of Jerrold E. Marsden (Jan. 2014). arXiv:
1401.3609 [math.DG].

[145] J. Solomon, F. de Goes, G. Peyré, M. Cuturi, A. Butscher, A. Nguyen, T. Du and L. Guibas. ‘Convolutional
Wasserstein Distances: Efficient Optimal Transportation on Geometric Domains’. In: ACM Transaction
on Graphics, Proc. SIGGRAPH’15 (2015). to appear.

[146] R. Tibshirani. ‘Regression shrinkage and selection via the Lasso’. In: Journal of the Royal Statistical
Society. Series B. Methodological 58.1 (1996), pp. 267–288.

31

http://dx.doi.org/10.1007/s10851-005-3624-0
http://dx.doi.org/10.1007/s10851-005-3624-0
https://doi.org/10.1137/130920058
http://hal.archives-ouvertes.fr/hal-00816211/
http://hal.archives-ouvertes.fr/hal-00816211/
https://doi.org/10.1007/s00205-013-0704-y
https://doi.org/10.1007/s00205-013-0704-y
http://dx.doi.org/10.1007/s00205-013-0704-y
https://doi.org/10.1137/120872802
http://hal.archives-ouvertes.fr/hal-00613637/
http://hal.archives-ouvertes.fr/hal-00613637/
http://dx.doi.org/10.1016/0167-2789(92)90242-F
http://dx.doi.org/10.1016/0167-2789(92)90242-F
https://arxiv.org/abs/1401.3609


[147] G. Bellettini, V. Caselles and M. Novaga. ‘The Total Variation Flow in RN ’. In: J. Differential Equations
184.2 (2002), pp. 475–525.

[148] A. Trouvé and F.-X. Vialard. ‘Shape splines and stochastic shape evolutions: A second order point of
view’. In: Quarterly of Applied Mathematics (2012).

[149] S. Vaiter, M. Golbabaee, J. Fadili and G. Peyré. ‘Model Selection with Piecewise Regular Gauges’. In:
Information and Inference (2015). to appear. URL: http://hal.archives-ouvertes.fr/hal-00842
603/.

[150] F.-X. Vialard and L. Risser. ‘Spatially-Varying Metric Learning for Diffeomorphic Image Registration:
A Variational Framework’. English. In: Medical Image Computing and Computer-Assisted Intervention
MICCAI 2014. Vol. 8673. Lecture Notes in Computer Science. Springer International Publishing, 2014,
pp. 227–234.

[151] F.-X. Vialard, L. Risser, D. Rueckert and C. Cotter. ‘Diffeomorphic 3D Image Registration via Geodesic
Shooting Using an Efficient Adjoint Calculation’. English. In: International Journal of Computer Vision
97.2 (2012), pp. 229–241. DOI: 10.1007/s11263-011-0481-8. URL: http://dx.doi.org/10.1007/s
11263-011-0481-8.

[152] C. Villani. Optimal transport. Vol. 338. Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences]. Old and new. Berlin: Springer-Verlag, 2009, pp. xxii+973. DOI:
10.1007/978-3-540-71050-9. URL: http://dx.doi.org/10.1007/978-3-540-71050-9.

[153] C. Villani. Topics in optimal transportation. Vol. 58. Graduate Studies in Mathematics. American Mathe-
matical Society, Providence, RI, 2003, pp. xvi+370.

[154] X.-J. Wang. ‘On the design of a reflector antenna. II’. In: Calc. Var. Partial Differential Equations 20.3
(2004), pp. 329–341. DOI: 10.1007/s00526-003-0239-4. URL: http://dx.doi.org/10.1007/s0052
6-003-0239-4.

[155] B. Wirth, L. Bar, M. Rumpf and G. Sapiro. ‘A continuum mechanical approach to geodesics in shape
space’. In: International Journal of Computer Vision 93.3 (2011), pp. 293–318.

[156] J. Wright, Y. Ma, J. Mairal, G. Sapiro, T. S. Huang and S. Yan. ‘Sparse representation for computer vision
and pattern recognition’. In: Proceedings of the IEEE 98.6 (2010), pp. 1031–1044.

32

http://hal.archives-ouvertes.fr/hal-00842603/
http://hal.archives-ouvertes.fr/hal-00842603/
https://doi.org/10.1007/s11263-011-0481-8
http://dx.doi.org/10.1007/s11263-011-0481-8
http://dx.doi.org/10.1007/s11263-011-0481-8
https://doi.org/10.1007/978-3-540-71050-9
http://dx.doi.org/10.1007/978-3-540-71050-9
https://doi.org/10.1007/s00526-003-0239-4
http://dx.doi.org/10.1007/s00526-003-0239-4
http://dx.doi.org/10.1007/s00526-003-0239-4

	Project-Team MOKAPLAN
	Team members, visitors, external collaborators
	Overall objectives
	Introduction
	Static Optimal Transport and Generalizations
	Diffeomorphisms and Dynamical Transport
	Sparsity in Imaging
	Mokaplan unified point of view

	Research program
	Modeling and Analysis
	Static Optimal Transport and Generalizations
	Diffeomorphisms and Dynamical Transport
	Sparsity in Imaging

	Numerical Tools
	Geometric Discretization Schemes
	Sparse Discretization and Optimization
	First Order Proximal Schemes


	Application domains
	Natural Sciences
	Signal Processing and inverse problems
	Social Sciences

	New results
	A mean field game model for the evolution of cities
	Optimal transportation, modelling and numerical simulation 
	Entropic-Wasserstein barycenters: PDE characterization, regularity and CLT. 
	Stability of optimal traffic plans in the irrigation problem 
	An Epigraphical Approach to the Representer Theorem 
	Convergence of a Lagrangian discretization for barotropic fluids and porous media flow 
	Computation of optimal transport with finite volumes 
	A Dimension-free Computational Upper-bound for Smooth Optimal Transport Estimation 
	A spatial Pareto exchange economy problem 
	Point Source Regularization of the Finite Source Reflector Problem 
	Stability in Gagliardo-Nirenberg-Sobolev inequalities: flows, regularity and the entropy method. 
	SISTA: learning optimal transport costs under sparsity constraints 
	Convex geometry of finite exchangeable laws and de Finetti style representation with universal correlated corrections 
	On the linear convergence of the multi-marginal Sinkhorn algorithm 
	"FISTA" in Banach spaces with adaptive discretisations 
	Towards Off-the-grid Algorithms for Total Variation Regularized Inverse Problems 
	Mass concentration in rescaled first order integral functionals 
	Near-optimal estimation of smooth transport maps with kernel sums-of-squares 
	Model-based Clustering with Missing Not At Random Data 
	Dynamical Programming for off-the-grid dynamic Inverse Problems 
	Convex transport potential selection with semi-dual criterion 
	Lecture notes on non-convex algorithms for low-rank matrix recovery

	Partnerships and cooperations
	European initiatives
	FP7 & H2020 projects

	National initiatives

	Dissemination
	Promoting scientific activities
	Scientific events: organisation
	Scientific events: selection
	Invited talks

	Teaching - Supervision - Juries
	Teaching
	Supervision
	Juries
	Internal or external Inria responsibilities
	Education


	Scientific production
	Publications of the year
	Cited publications


